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SECTION 1 . 0  
INTRODUCTION 
One of t h e  secondary o b j e c t i v e s  of t h e  GEOS- I1 
C-Band Systems P r o j e c t  i s  t o  s t u d y  t h e  f e a s i b i l i t y  of 
u s ing  g e o d e t i c  s a t e l l i t e s  t o  b o t h  e v a l u a t e  sh ipborne  
i n s t r u m e n t a t i o n  and t o  determine s h i p  p o s i t i o n s  i n  broad 
ocean a r e a s .  The purpose of t h i s  t a s k  i s  t o  de te rmine  
whether sh ipborne  C-Band r a d a r  t r a c k i n g ,  i n  c o n j u n c t i o n  
w i t h  ground based t r a c k i n g ,  i s  s u f f i c i e n t l y  a c c u r a t e  t o  
p rov ide  i n s t r u m e n t a t i o n  e v a l u a t i o n  and s h i p  p o s i t i o n  
e s t i m a t e s .  Data from s e v e r a l  Apollo t r a c k i n g  s h i p s ,  i n  
p a r t i c u l a r  t h e  USNS Vanguard, was made a v a i l a b l e  f o r  
t h i s  e f f o r t .  A s e r i e s  of t e s t s ,  u s i n g  t h e  USNS Vanguard, 
were c a r r i e d  o u t  i n  t h e  P o r t  Canavera l  and Bahama Acous t i c  
Transponder Array Areas. The major p o r t i o n  of t h e  a n a l y s e s  
r e p o r t e d  i n  t h i s  document a r e  t h e  r e s u l t  of p r e l i m i n a r y  
i n v e s t i g a t i o n s  u s i n g  t h e  d a t a  from t h e s e  t e s t s .  
The use  of sh ipborne  t r a c k i n g  w i l l  be u s e f u l  i n  
s e v e r a l  g e o d e t i c  and geophys ica l  a r e a s  provided t h e  r educ -  
t i o n  techniques  prove t o  be f e a s i b l e  and t h e  d a t a  of  
g e o d e t i c  q u a l i t y .  F o r  example, t h e  mapping of a r e a s  i n  
t h e  v i c i n i t y  of g e o d e t i c  anomalies could be performed by 
r a d a r  equipped v e s s e l s ,  t h e  l o c a t i o n  of a c o u s t i c  t r a n s -  
ponders  f o r  u se  a s  g e o d e t i c  r e f e r e n c e  sources  can be 
accomplished i n  a r e a s  n o t  v i s i b l e  from s h o r e ,  h igh  accu-  
r a c y  n a v i g a t i o n  updat ing  of p o s i t i o n  can be accomplished 
f o r  mapping and geophys ica l  expe r imen ta t ion  a t  s e a ,  and 
t h e  use  of sh ipborne  t r a c k e r s  a s  a u x i l i a r y  o r  complemen- 
t a r y  s t a t i o n s  i n  g e o d e t i c  network i n v e s t i g a t i o n s  can  be 
accomplished.  
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SECTION 2 . 0  
TASK OBJECTIVES 
I n  o r d e r  t o  s a t i s f y  t h e  o v e r a l l  p r o j e c t  o b j e c -  
t i ves ,  i t  has  been necessa ry  t o  e s t a b l i s h  a s e t  of 
t a s k  o b j e c t i v e s  des igned  t o  i n s u r e  t h a t  t h e  in fo rma t ion  
f low f o r  t h e  t a s k  would be  e f f i c i e n t ,  meaningful  and 
u s e f u l .  B r i e f l y  s t a t e d  t h e  t a s k  o b j e c t i v e s  a r e :  
a.  To unde r s t and  t h e  d a t a  f u r n i s h e d  by t h e  
sh ipborne  r a d a r .  This  i n c l u d e s  t h e  c o r r e c -  
t i o n s  a p p l i e d  by t h e  s h i p ,  t h e  t r ans fo rma-  
t i o n s  performed on t h e  raw d a t a  t o  conve r t  
it t o  deck c o o r d i n a t e  d a t a ,  t h e  format  of 
t h e  d a t a  and what t ype  s u p p o r t i n g  d a t a  i s -  
normally f u r n i s h e d  by t h e  s h i p .  
b .  To p r o p e r l y  c a l i b r a t e  t h e  s h i p b o r n e  r a d a r  
d a t a  t o  remove ze ro  s e t  e r r o r s .  
c. To d e s i g n  and implement a s e t  of p r e -  
p r o c e s s i n g  p rocedures  t o  apply  t h e  p rope r  
c o r r e c t i o n s  t o  t h e  sh ipborne  r a d a r  d a t a  and 
t o  p r o v i d e  meaningful  n a v i g a t i o n  sys tem 
i n f o r m a t i o n  i n  a "moving t r a c k e r "  p o s i t i o n  
e s t i m a t i o n  scheme. 
d .  To des ign ,checkout  and implement a computer 
program capab le  of e s t i m a t i n g  t h e  epoch 
p o s i t i o n  of a moving t r a c k e r .  
e .  To reduce  and ana lyze  a c t u a l  t r a c k i n g  d a t a  
under  a v a r i e t y  of f i e l d  c o n d i t i o n s  t o  
demonst ra te  t h e  f e a s i b i l i t y  of t h e  s h i p  
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p o s i t i o n i n g  technique  and t o  p i n p o i n t  a c t u a l  
and/or  p o t e n t i a l  problem a r e a s  i n  t h e  t e c h -  
n ique .  
f .  To d e v i s e  mathemat ica l ly  and p h y s i c a l l y  
sound techniques  f o r  p r o p e r l y  accoun t ing  
f o r  sou rces  of  e r r o r  found i n  e .  
g .  To p rov ide  a q u a l i t a t i v e  assessment  of t h e  
technique  along wi th  s u p p o r t i n g  j u s t i f i c a -  
t i o n  f o r  accuracy e s t i m a t e s ,  and proposed 
f u r t h e r  s t u d i e s .  
The f o l l o w i n g  s e c t i o n s  of  t h i s  r e p o r t  d e s c r i b e  
t h e  approaches used t o  s a t i s f y  t h e s e  o b j e c t i v e s .  Problem 
a r e a s  a r e  d e f i n e d  i n  d e t a i l  and t h e  t echn iques  used t o  
overcome t h e s e  problems are desc r ibed .  The r e s u l t s  of 
bo th  s i m u l a t i o n  and l i v e  t e s t  a n a l y s i s  and r e d u c t i o n s  
a r e  p r e s e n t e d  w i t h  q u a l i t a t i v e  assessments  of t h e  
r e s u l t s .  
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SECTION 3 . 0  
METHOD OF APPROACH 
3 . 1  ANALYSIS OF MOVING TRACKER P O S I T I O N I N G  
The d e t e r m i n a t i o n  of t h e  p o s i t i o n  o f  a s h i p ,  o r  
o t h e r  moving t r a c k e r ,  u s i n g  r a d a r  t r a c k i n g  of a s a t e l l i t e  
i s  ve ry  s i m i l a r  i n  concept t o  t h a t  of p o s i t i o n i n g  l and  
based  r a d a r s .  A s a t e l l i t e  o r b i t  i s  determined w i t h  t h e  
h e l p  of o t h e r  s t a t i o n s  t r a c k i n g  t h e  same s a t e l l i t e  du r ing  
approximately t h e  same t i m e  p e r i o d .  S imul t aneous ly ,  a 
p o s i t i o n  f o r  t h e  s h i p  i s  e s t i m a t e d  such t h a t  t h e  s h i p  
r a d a r  measurements b e s t  f i t  t h e  determined o r b i t .  I n  
a p p l i c a t i o n ,  however, t h e r e  a r e  a number o f  f a c t o r s  
which complicate  t h e  problem and s i g n i f i c a n t l y  a f f e c t  - 
t h e  accuracy wi th  which s h i p  p o s i t i o n  a t  any t ime can be  
e s t ima ted .  
The fo l lowing  f a c t o r s  d i s t i n g u i s h  t h e  problem of 
p o s i t i o n  e s t i m a t i o n  f o r  a moving r a d a r  t r a c k e r  from 
t h a t  f o r  a 
(1) 
f i x e d  t r a c k e r :  
The v a r i a t i o n  i n  s h i p  p o s i t i o n  from t h a t  a t  
a r e f e r e n c e  time must be accounted  f o r  a t  
some s t a g e  of t h e  d a t a  p r o c e s s i n g .  
The d i f f i c u l t y  i n  accoun t ing  f o r  s h o r t  
p e r i o d  v a r i a t i o n s  i n  t h e  o r i e n t a t i o n  of t h e  
r a d a r  mount due t o  s h i p  r o l l ,  p i t c h  and 
heading v a r i a t i o n s  makes azimuth and e l e v a -  
t i o n  ang le  d a t a  e s s e n t i a l l y  u s e l e s s  a t  
g e o d e t i c  s a t e l l i t e  ranges  f o r  t h e  p o s i t i o n  
d e t e r m i n a t i o n s  of  i n t e r e s t .  Range d a t a  i s  
thus  t h e  only u s a b l e  r a d a r  measurement. 
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(3) For  most a p p l i c a t i o n s ,  on ly  a l i m i t e d  t i m e  
and number of s a t e l l i t e s  a re  a v a i l a b l e  f o r  
u s e  i n  t h e  s h i p  p o s i t i o n  e s t i m a t i o n .  The 
l a r g e  number of  c r o s s i n g  a r c s  on a l l  s i d e s  
of  t h e  s t a t i o n  o f t e n  a v a i l a b l e  f o r  e s t i m a t i n g  
l a n d  based  s t a t i o n s  i s  conce ivably  a v a i l a b l e  
f o r  t h e  p o s i t i o n i n g  of permanent g e o d e t i c  
c o n t r o l  p o i n t s .  T h i s  a p p l i c a t i o n  i s ,  however, 
somewhat beyond t h e  scope of t h e  p r e s e n t  
r e p o r t .  
(4) Radar c a l i b r a t i o n  on a s h i p  a t  s e a  i s  more 
d i f f i c u l t  t o  o b t a i n  and ma in ta in  than f o r  a 
l a n d  based  r a d a r .  Unless  very  e x a c t i n g  
c a l i b r a t i o n  and o p e r a t i n g  p rocedures  a r e  
fo l lowed ,  range b i a s e s  of magni tudes va ry ing  
from one s a t e l l i t e  p a s s  t o  t h e  n e x t  may thus  
be  expec ted .  
Taken t o g e t h e r ,  a l l  t h e s e  f a c t o r s  r e q u i r e  t h a t  t h e  problem 
of p r e c i s e  s h i p  p o s i t i o n i n g  be  t r e a t e d  c o n s i d e r a b l y  
d i f f e r e n t l y  from l and  based s t a t i o n  p o s i t i o n i n g .  
a n a l y t i c a l  d i f f e r e n c e s  w i l l  b e  t r e a t e d  i n  t h e  fo l lowing  
two s u b - s e c t i o n s .  
The 
3 . 1 . 1  Range Measurement Re la t ions  f o r  a Moving Tracke r  
There a r e  a number of means p o t e n t i a l l y  a v a i l a b l e  
f o r  de t e rmin ing  t h e  p o s i t i o n  of t h e  VANGUARD a t  v a r i o u s  
t imes w h i l e  a t  sea.  Those f o r  which some d a t a  has  been 
a v a i l a b l e  on t e s t s  t o  d a t e  i n c l u d e :  
1. C-Band r a d a r  t r a c k  of GEOS- (convertible 
i n t o  p o s i t i o n ) .  
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2 .  LORAC-B ,- LORAC-A 
3 .  SRN-,9 ( n a v i g a t i o n  s a t e l l i t e )  
4 .  S t a r  t r a c k e r  
5. SINS,  i iark-19 
6 .  Acous t i c  t r ansponder  c o n v e r t i b l e  i n t o  p o s i t i o n )  
I n  'genera l ,  a l l  t h e s e  methods i n d i v i d u a l l y  have very  
s e r i o u s  l i m i t a t i o n s ,  p a r t i c u l a r l y  i n  accuracy .  I n  
a d d i t i o n ,  some a r e  a v a i l a b l e  only  a t  s p e c i a l  t i m e s ,  i n  
c e r t a i n  geographic  l o c a t i o n s ,  o r  under  c l e a r  weather  
c o n d i t i o n s .  Only t h e  SINS system (and,  under c e r t a i n  
c o n d i t i o n s ,  t h e  a c o u s t i c  t r ansponder  p o s i t i o n i n g  
system) i s  a b l e  t o  p r o v i d e  a n e a r  cont inuous  r e c o r d  of 
s h i p  p o s i t i o n .  Over a " shor t "  p e r i o d ,  i t s  accuracy i s  
p o t e n t i a l l y  ve ry  a c c u r a t e .  
i t s  accuracy becomes degraded below t h a t  of  s e v e r a l  
o t h e r  methods of p o s i t i o n i n g .  
Over a p e r i o d  of many h o u r s ,  
The p o s i t i o n i n g  of a s h i p  u s i n g  C-Band r a d a r  d a t a  
a lone  i s  an i n s t a n t a n e o u s  f i x  only i f  a l l  t h r e e  measure- 
ment t ypes  r eco rded  by t h e  r a d a r  ( R ,  A ,  E )  a r e  a c t u a l l y  
used.  Biases  i n  t h e  ang le  measurements,  however, make 
t h i s  mode o f  p o s i t i o n i n g  very  i n a c c u r a t e .  Such d a t a  has  had! 
very  l i m i t e d  u t i l i t y  f o r  r e s u l t s  quo ted  i n  t h i s  r e p o r t .  
The u s e s  which have been made of  a n g l e  d a t a  have been 
only f o r  t r a n s f o r m a t i o n  of range  d a t a  and w i l l  be b r i e f l y  
d i s c u s s e d  i n  connec t ion  w i t h  t h e  docks ide  t e s t  r e s u l t s  
p r e s e n t e d  i n  S e c t i o n  4 . 3 .  
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Using r a d a r  range  d a t a  w i t h o u t  ang le  d a t a  f o r  s h i p  
p o s i t i o n  d e t e r m i n a t i o n  r e q u i r e d  d a t a  t o  be  t a k e n  a t  more t h a n  
one t ime, and r e q u i r e d  h o r i z o n t a l  motion of  t h e  s h i p  t o  be  
accounted f o r  between range  measurements. The u s e  of  
t h e  SINS system a s  t h e  method f o r  o b t a i n i n g  t h i s  r e l a -  
t i v e  s h i p  movement is  t h e  l o g i c a l  cho ice  i n  view of  
i t s  a v a i l a b i l i t y ,  i t s  accuracy,  and i t s  c o n t i n u i t y .  
Accord ingly ,  we w i l l  assume t h a t  SINS d a t a  can be  used  
t o  r e l a t e  s h i p  c o o r d i n a t e s  ($ ,  X )  a t  any t i m e  t t o  s h i p  
c o o r d i n a t e s  ( @ o ,  X o )  a t  some e a r l i e r  time to.  
t i o n  must be  t h a t  t - to  n o t  be t o o  l a r g e .  
pu rposes ,  i t  w i l l  be  assumed t h a t  t - to  may reach  approx- 
i m a t e l y  2 h o u r s ,  s o  t h a t  two p a s s e s  of s a t e l l i t e  
t r a c k i n g  d a t a  may be  used i n  t h e  same d a t a  r e d u c t i o n ,  
w i t h  a l l  s h i p  p o s i t i o n s  a c c u r a t e l y  r e l a t e d  t o  t h e  s h i p  
p o s i t i o n  a t  t h e  r e f e r e n c e  time t o .  The d e s i r a b i l i t y  of  
u s i n g  two p a s s e s  of  t r a c k i n g  d a t a  i s  i n t u i t i v e l y  obvious  
merely from t h e  f a c t  t h a t ,  in g e n e r a l ,  one s a t e l l i t e  
t r a c k  i s  e a s t  of t h e  s h i p  and t h e  o t h e r  i s  w e s t  of t h e  
s h i p .  Baring t h e  s imul taneous  i n t r o d u c t i o n  of a d d i t i o n a l  
e r r o r  s o u r c e s ,  t h e  geometry p r o v i d e d  by t h e  two p a s s e s  
over  and above a s i n g l e  pass  cannot  b u t  h e l p  p r o v i d e  a 
s t r o n g e r  s h i p  p o s i t i o n .  Neve r the l e s s ,  s i n g l e  p a s s  
s o l u t i o n s  w i l l  n o t  be  r u l e d  o u t  o f  c o n s i d e r a t i o n .  
A r e s t r i c -  
For  p r e s e n t  
The d a t a  r e d u c t i o n  f o r  t h e  moving t r a c k e r  p o s i -  
t i o n  es t i m a t i o n  must t h e n  t ake  i n t o  account  t h a t  t h e  
t r a c k e r  may b e  a t  any p o s i t i o n  r e l a t i v e  t o  i t s  
r e f e r e n c e  time ( t  ) p o s i t i o n ,  b u t  w i t h  t h e  change i n  
p o s i t i o n  a v a i l a b l e  i n  SINS c o o r d i n a t e s  which may b e  
t a k e n  t o  be  l a t i t u d e ,  l o n g i t u d e ,  and h e i g h t  above some 
s p h e r o i d  ( c $ - @ ~ ,  h - X o ,  H - H O ) .  
must t a k e  i n t o  account  t h e  p h y s i c a l  s e p a r a t i o n  of t h e  
C-band r a d a r  from t h e  SINS b i n n a c l e  t o  which t h e  SINS 
p o s i t i o n  i s  r e f e r e n c e d .  The l a t t e r  p r o c e s s i n g  
0 
I n  a d d i t i o n ,  t h e  p r o c e s s i n g  
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i s  a t r ans fo rma t ion  of c o o r d i n a t e s  i n c o r p o r a t i n g  bo th  t h e  
t r a n s l a t i o n  and r o t a t i o n  o f  t h e  t r u e  r a d a r  c o o r d i n a t e s  from 
those  o f  the SINS b i n n a c l e .  The t r a n s f o r m a t i o n  i s  d i s c u s s e d  
i n  d e t a i l  i n  Appendix A and t a k e s  i n t o  account  t h e  f l e x u r e  
of t h e  s h i p  f o r  which measurement d a t a  i s  a v a i l a b l e .  The 
t r a n s f o r m a t i o n  r e q u i r e s  t h e  use  of SINS heading d a t a  b u t  
makes no use o f  t h e  r a d a r  angle  measurements. 
I n  e s s e n c e ,  t h e  SINS and s h i p  f l e x u r e  d a t a  a r e  used t o  
r e l a t e  t h e  p o s i t i o n  of  t h e  r a d a r  a t  any t ime t t o  i t s  p o s i t i o n  
a t  t h e  r e f e r e n c e  t ime t Changes i n  r a d a r  c o o r d i n a t e s  a r e  
thus  n o t  simply d i f f e r e n c e s  between SINS c o o r d i n a t e s ,  b u t  
r a t h e r  between r a d a r  c o o r d i n a t e s  o b t a i n e d  through t r a n s  - 
fo rma t ions  of SINS d a t a .  This  d i s t i n c t i o n  i s  of p a r t i c u l a r  
importance i f  t h e r e  i s  a change i n  s h i p  heading du r ing  a 
t r a c k .  
0’ 
The range  measurement made from t h e  moving t r a c k e r  a t  
time t can be expres sed  f u n c t i o n a l l y  a s :  
where 
X , Y , Z  a r e  s h i p  e a r t h  c e n t e r e d  f i x e d  c o o r d i n a t e s  
a t  time t .  
x , y , z  a r e  s a t e l l i t e  e a r t h  c e n t e r e d  f i x e d  c o o r -  
d i n a t e s  a t  time t .  
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The p o s s i b l e  e x i s t e n c e  o f  range b i a s e s  o r  o t h e r  such 
s y s t e m a t i c  e r r o r s  may be t r e a t e d  i n  t h e  same way a s  
f o r  a f i x e d  t r a c k e r  and may t h u s  be ignored  i n  t h e  
p r e s e n t  c o n t e x t .  I n  o r d e r  t o  make use  o f  t h e  "known" 
r e l a t i v e  movement of t he  s h i p  from i t s  r e f e r e n c e  
p o s i t i o n ,  we n o t e  t h a t  a given ( @ I ,  A ,  H )  i s  e q u i v a l e n t  t o  
an ( X ,  Y ,  Z )  w i th  t h e  t r a n s f o r m a t i o n  r e q u i r i n g  on ly  
t h e  sphe ro id  pa rame te r s .  The r e l a t i o n  of t h e  range 
t o  t h e  i n i t i a l  p o s i t i o n  of the s h i p ,  which i s  t o  be 
e s t i m a t e d ,  i s  somewhat more invo lved .  Using ma t r ix  
n o t a t i o n ,  t h e  v a r i a t i o n  i n  a computed range measure- 
ment w i th  a change i n  t h e  r e f e r e n c e  p o s i t i o n  
s h i p  may be expres sed  a s  
where a l l  symbols on t h e  r i g h t  hand s i d e  now 
m a t r i c e s  o r  v e c t o r s ,  
ax ax ax 
a $  a x  a H  
--- 
a z  a z  a z  
--- 
a $  a x  a H  
- - +  
Y 
ax, ax, ax, --- 
a$,  a h ( )  aH, 
ay, ay, ay, --- 
a$, a x ,  aH, 
a z o  a z o  a z o  --- 
a$, a h ( )  a H 0  




a R  
- + 1 / R  
ax 
T ['3 ( 3 - 3 )  
From t h e  assumption t h a t  t h e  SINS d a t a  p rov ides  good 
measurements of t h e  change i n  l a t i t u d e ,  l o n g i t u d e ,  and 
h e i g h t ,  we have t h e  r e l a t i o n s  
9 = $o  + A $  
A = X o  + Ah 
H = Ho + AH 
( 3 - 4 )  
With A + ,  A X ,  and A H  c o n s t a n t s ,  t h e  m a t r i x  2 reduces  
t o  t h e  u n i t  mat r ix .  
a @ O  
1 0  
The o t h e r  p a r t i a l  d e r i v a t i v e  m a t r i c e s  a r e  c a l c u -  
l a t e d  from t h e  fo l lowing  r e l a t i o n s  f o r  t r ans fo rming  
g e o d e t i c  c o o r d i n a t e s  t o  e a r t h  c e n t e r e d  f i x e d  c o o r d i -  
n a t e s :  
- 1 / 2  
-1/2 




2 x = cos 6 cos x [H + a 
Y = cos 0 s i n  x [H + ae ( 1 - e 2  s i n  




z = s i n  4 [H + ae ( 1 - e  2 l ( 1 - e  2 s i n 2  $1 
where 
a = semi-major a x i s  of t h e  adopted s p h e r o i d  f o r  e 
t h e  e a r t h .  
e = e c c e n t r i c i t y  o f  t h i s  s p h e r o i d .  
ax The m a t r i x  - i s  o b t a i n e d  by s t r a i g h t f o r w a r d  d i f f e r e n -  36 
t i a t i o n  of  ( 3 - 5 )  and w i l l  n o t  be g iven  h e r e .  The m a t r i x  
i s  i d e n t i c a l  i n  form. 5 
The computation of t h e  range  measurement expres sed  
by Eqn. (3-1)  and t h e  p a r t i a l  d e r i v a t i v e  m a t r i c e s  of 
Eqn. (3-2)  c o n s t i t u t e  a l l  n e c e s s a r y  c a l c u l a t i o n s  t h a t  
a r e  d i s t i n c t  from those  which a r e  necessa ry  f o r  e s t i -  
mat ing t h e  p o s i t i o n  of a f i x e d  t r a c k i n g  s t a t i o n  u s i n g  
range  d a t a .  I n  a d d i t i o n ,  it may be  no ted  t h a t  t h e  
b a s i c  mathematical  expres s ions  used a r e  i d e n t i c a l  t o  
t h o s e  f o r  a f i x e d  s t a t i o n .  
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3 . 1 . 2  E f f e c t s  of  SINS E r r o r s  on Moving Tracker  Ranges 
The  a n a l y s i s  of t h e  p reced ing  s e c t i o n  has  been 
based  on t h e  assumption t h a t  t h e  SINS d e t e r m i n a t i o n  of 
r e l a t i v e  l a t i t u d e ,  l o n g i t u d e ,  and h e i g h t  h a s  n e g l i g i b l e  
e r r o r .  Since t h i s  assumption i s  on ly  a conven ien t ,  
and i n  some c a s e s  n e c e s s a r y ,  approximat ion ,  i t  i s  h i g h l y  
d e s i r a b l e  t o  be a b l e  t o  r ecogn ize  t h e  p re sence  of  SINS 
e r r o r s  i n  reduced d a t a .  I t  i s  a l s o  d e s i r a b l e ,  i f  a t  a l l  
p o s s i b l e ,  t o  be a b l e  t o  e f f e c t i v e l y  account  f o r  SINS 
e r r o r s  o r  t o  des ign  t e s t s  such  t h a t  SINS e r r o r s  a r e  
minimi zed. 
A b r i e f  a n a l y s i s  o f  t h e  sou rce  and form of SINS 
e r r o r s  i s  p r e s e n t e d  i n  Appendix B f o r  s e v e r a l  t ypes  of 
s h i p  motion and SINS o p e r a t i o n .  
which may b e  drawn from t h i s  a n a l y s i s  a re :  
Some of t h e  conc lus ions  
1. Ship motion du r ing  o r  between r a d a r  
s a t e l l i t e  t r a c k s  does a f f e c t  SINS p o s i -  
t i o n i n g  e r r o r s ,  b u t  t h e  f u n c t i o n a l  form 
f o r  t h e  e r r o r s  i s  n o t  a p p r e c i a b l y  a f f e c t e d .  
2 .  P h y s i c a l l y  d i s t i n c t  e r r o r  s o u r c e s  produce 
e f f e c t s  which, u s i n g  d a t a  o v e r  two 1 0 - 1 5  minute  
segments, s e p a r a t e d  by a two hour  p e r i o d ,  
would be expec ted  t o  be  i n s e p a r a b l e  on 
the  basis  of  t h e i r  e f f e c t s  on s h i p  p o s i -  
t i o n  e r r o r .  
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3. SINS p o s i t i o n  e r r o r s ,  though a r i s i n g  from 
s e v e r a l  d i s t i n c t  p h y s i c a l  s o u r c e s ,  can be  
approximate ly  modeled by t h e  e x p r e s s i o n s  : 
A +  = A + B l t  + C1 s i n  ( u t  + y l )  1 
( 3 - 6  
A h  = A 2  + B 2 t  + C 2  s i n  ( u t  + y,) 
where t h e  A ' S ,  B ' s ,  C ' s ,  and y ' s  are  a l l  
independent  c o n s t a n t s .  A +  and Ah are  
e r r o r s  i n  l a t i t u d e  and l o n g i t u d e ,  t i s  
e l a p s e d  t ime f r o m  some a r b i t r a r y  r e f e r e n c e  
t ime,  and w i s  t h e  S c h u l e r  f requency  f o r  a 
SINS system o p e r a t i n g  i n  an undamped mode. 
When damping i s  used ,  t h e  f requency  w i s  
i n c r e a s e d  as a f u n c t i o n  o f  t h e  deg ree  of 
damping. 
The e f f e c t s  of t h e  SINS e r r o r  model pa rame te r s  
on range measurements e n t e r  th rough t h e  ( X , Y ,  Z )  c o o r d i -  
n a t e s  of  Eqn. ( 3 - 1 ) ,  which i n  t u r n  depend upon ($, 1 ,  H ) .  
The SINS e r r o r  model parameters  e n t e r  t h e  l a s t  s e t  o f  
c o o r d i n a t e s  i n  a l i n e a r  manner acco rd ing  t o  Eqn. ( 3 - 6 ) .  
L e t  A c l  b e  t h e  e r r o r  i n  one of t h e  SINS e r r o r  model 
pa rame te r s .  Then t h e  range measurement i s  a f f e c t e d  by 
t h e  amount 
a R  ax 
3 4  
The v e c t o r  ax and t h e  m a t r i x  - a r e  g iven  by Eqn. ( 3 - 3 ) .  
3 4  I f  we l e t  a be t h e  parameter  B1, e . g . ,  t h e  v e c t o r  -act 
b e c o me s : 
t a @  
- =  [. 
aB1 0 
( 3 - 9 )  
Par t i a l s  w i t h  r e s p e c t  t o  t h e  o t h e r  parameters  may b e  
o b t a i n e d  u s i n g  ( 3 - 6 )  i n  a s i m i l a r  manner. 
For error a n a l y s e s ,  which normally r e q u i r e  only 
p a r t i a l  d e r i v a t i v e s  wi thou t  t h e  need f o r  a c t u a l  r e s i d u a l s ,  
t h e  parameter  p a r t i a l  d e r i v a t i v e  expres sed  by 
a R  ax a @  
act ax a @  act 
- a R  -  --- 
i s  t h e  on ly  q u a n t i t y  needed i n  o r d e r  t o  i n v e s t i g a t e  t h e  
e f fec ts  of SINS e r r o r s  on d a t a  r e d u c t i o n s  which use  
moving t r a c k e r  d a t a .  
parameter  e r r o r  a n a l y s i s  can be implemented w i l l  be  
d i s c u s s e d  below. 
The manner i n  which t h e  SINS 
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3.2 PROGRAM DEVELOPMENT 
Analys is  of  moving t r a c k e r  d a t a  used  f o r  s h i p  
p o s i t i o n  e s t i m a t i o n  r e q u i r e d  m o d i f i c a t i o n s  t o  two l a r g e  
s c a l e  computer programs: the A/Omega o r b i t a l  d a t a  
r e d u c t i o n  program and t h e  ORAN o r b i t a l  e r r o r  a n a l y s i s  
program. Although t h e  two programs model t h e  same d a t a  
r e d u c t i o n  p rocess  , t h e  f u n c t i o n s  which t h e  programs 
s e r v e  a re ,  a l though  complementary, q u i t e  d i s t i n c t .  The 
m o d i f i c a t i o n s  t o  t h e  two programs a r e  t h u s  comple te ly  
d i f f e r e n t  and w i l l  b e  d i s c u s s e d  s e p a r a t e l y .  
3 . 2 . 1  A/Omega M o d i f i c a t i o n s  
The n a t u r e  o f  t h e  m o d i f i c a t i o n s  r e q u i r e d  f o r  
A/Omega t o  i n c o r p o r a t e  moving t r acke r  d a t a  under t h e  
assumptions made above a r e  o f  two t y p e s :  
1. Inpu t  Modi f i ca t ions  
I n  o r d e r  f o r  t h e  A/Omega program t o  be  a b l e  
t o  r ecogn ize  and u s e  moving t r a c k e r  d a t a  
p r o p e r l y ,  t h e  d a t a  i n p u t  format  was modi f ied  
t o  p r o v i d e :  an i n d i c a t o r  t h a t  t h e  t r a c k e r  
was a moving t r a c k e r  t y p e ;  and t h e  changes 
i n  s h i p  r a d a r  p o s i t i o n  ( A + ,  A x ,  AH) from t h a t  
some r e f e r e n c e  t i m e .  Th i s  r e f e r e n c e  time 
was b a s i c a l l y  a r b i t r a r y ,  b u t  was chosen t o  
be  t h e  t i m e  o f  t he  f i r s t  u s a b l e  d a t a  p o i n t  
of t h e  s a t e l l i t e  p a s s  ( o r  t h e  f i r s t  s a t e l l i t e  
p a s s  i f  two s u c c e s s i v e  s a t e l l i t e  p a s s e s  were 
t r a c k e d ) .  
a t  
2 .  Computations o f  updated  s t a t i o n  p o s i t i o n .  
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The computation of  measurement r e s i d u a l s  and 
p a r t i a l  d e r i v a t i v e s  r e q u i r e s  t h e  c u r r e n t  p o s i t i o n  of  
t h e  s h i p  f o r  u se  i n  Eqns. (3-1)  and ( 3 - 3 ) .  The A/Omega 
program was o r i g i n a l l y  des igned  t o  o p e r a t e  w i t h  s t a t i o n  
p o s i t i o n s  which changed only  as a r e s u l t  of a l e a s t  
s q u a r e s  ad jus tment  based on s a t e l l i t e  t r a c k i n g  d a t a .  
Consequently,  t h e  program had t o  be r e c o n f i g u r e d  t o  
compute a new s t a t i o n  p o s i t i o n  and r o t a t i o n  m a t r i c e s  
f o r  each d a t a  p o i n t .  Eqns. (3 -5 )  a r e  used t o  compute 
the  new s t a t i o n  p o s i t i o n  and t h e  r o t a t i o n  m a t r i c e s  a r e  
computed u s i n g  (3-3) .  The i n i t i a l ,  o r  r e f e r e n c e ,  
p o s i t i o n  o f  t h e  moving t r a c k e r  must be r e t a i n e d  i n  c o r e ,  
a d j u s t e d  a t  t h e  end o f  each i t e r a t i o n ,  and used as t h e  
s t a r t i n g  p o s i t i o n  a t  t h e  beginning  of  t h e  n e x t  i t e r a t i o n .  
No c a p a b i l i t y  f o r '  any SINS e r r o r  model parameter  - 
recovery  was i n c o r p o r a t e d  i n t o  A/Omega, s i n c e  i t  was 
n o t  c l e a r  t h a t  s u f f i c i e n t  d a t a  e x i s t e d  f o r  t h e  recovery  
of any such pa rame te r s .  The normal program r e c o v e r i e s  
of  measurement b i a s e s  and s t a t i o n  t iming  e r r o r s  were 
r e t a i n e d .  
3 . 2 . 2  ORAN Modi f i ca t ions  
To i n v e s t i g a t e  t h e  e f f e c t s  o f  SINS e r r o r s  on A/Omega 
r educ t ions  of moving t r a c k e r  d a t a ,  t h e  ORAN program 
was modif ied f o r  t h e  computation of  p a r t i a l  d e r i v a t i v e s  
of  range  measurements w i th  r e s p e c t  t o  SINS e r r o r  model 
parameters ,  The pa rame te r s  i n v e s t i g a t e d  a r e  based  on 
Eqn. ( 3 - 6 )  which may be w r i t t e n  a s :  
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A$=(A 1 1  -C s inyl )+Bl t+(C1 c o s y l ) s i n  wt+(-C1 s i n y l )  ( l - c o s  u t )  
AA=(AZ-CZ s iny l )+Bz t+(C2  cosy l ) s in  w t +  (-Cz s h y z )  ( l - c o s  u t )  
S ince  a l l  t h e  pa rame te r s  a r e  a r b i t r a r y  anyway, t h e s e  e r r o r  
expres s ions  can be w r i t t e n  equa l ly  w e l l  a s  
A$ = A1 + B l t  + C1 s i n  u t  + D1 ( l - c o s  u t )  
A x  = AZ + B Z t  + C2 s i n  u t  + D ( l - c o s  u t )  2 
The p a r t i a l  d e r i v a t i v e s  i n c o r p o r a t e d  i n t o  ORAN a r e  t h e  
p a r t i a l s  o f  range  measurements w i th  r e s p e c t  t o  t h e  
A ,  B ,  C ,  and D pa rame te r s  o f  Eqn. (3-10). The p a r t i c u l a r  
form of Eqn. (3-10 is  chosen such  t h a t  t h e  c o n s t a n t  
terms w i l l  be t h e  p o s i t i o n  e r r o r s  a t  t h e  r e f e r e n c e  
t ime ( t=O) .  
The computation of range p a r t i a l  d e r i v a t i v e s  w i t h  
r e s p e c t  t o  SINS e r r o r  model pa rame te r s  t h e n  u t i l i z e s  
Eqns. ( 3 -  9) and (3-10). Due t o  t h e  r e l a t i v e l y  sma l l  
movement of t h e  s h i p  throughout  t h e  t o t a l  t r a c k i n g  
p e r i o d ,  i t  i s  p o s s i b l e  t o  make approximations i n  Eqn. 
(3 -  9 which c o n s i d e r a b l y  s i m p l i f y  t h e  necessa ry  program 
m o d i f i c a t i o n s .  I n  p a r t i c u l a r ,  we can s e t  
(3-10) I 
(3-1 1) 
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Since  t h e s e  p a r t i a l s  a r e  a l r e a d y  c a l c u l a t e d  a s  a p a r t  
of t h e  s t a t i o n  p o s i t i o n  adjustment  s i m u l a t i o n ,  t h e  only  
a d d i t i o n a l  computations needed a r e  t h e  - type c a l c u -  




ah  - -  - s i n  u t  
ac2  
a h  - -  - 1 - c o s  u t  
aD2 
These express-ons a r e  s i m p l e  funct ,ons of e l a p s e d  t ime .  
The ORAN program a l s o  r e q u i r e d ,  of c o u r s e ,  i n p u t  
m o d i f i c a t i o n s  t o  r e q u e s t  t h e  SINS e r r o r  model pa rame te r s .  
I t  was then  
e r r o r s  on: 
1. 
2 .  
3.  
capable  of computing t h e  e f f e c t s  of SINS 
Adjusted s h i p  range b i a s e s ,  
Adjusted s h i p  p o s i t i o n .  
Ship range r e s i d u a l s  a f t e r  t h e  l e a s t  s q u a r e s  
f i t  of t h e  range d a t a  t o  t h e  s a t e l l i t e  o r b i t  
a d j u s t i n g  f o r  s h i p  p o s i t i o n .  
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The program o u t p u t  was then  usab le  f o r  a n a l y z i n g  t h e  
A/Omega d a t a  r e d u c t i o n  r e s u l t s  t o  determine t h e  amount 
and type  of SINS e r r o r s  a c t u a l l y  p r e s e n t  i n  t h e  d a t a .  
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SECTION 4 . 0  
EXPERIMENTAL RESUkTS 
The use  of sh ipborne  r a d a r  d a t a  f o r  p r e c i s e  s h i p  
p o s i t i o n i n g  has  been t e s t e d  i n  e s s e n t i a l l y  t h r e e  phases :  
1. Dockside t e s t i n g  t o  v a l i d a t e  t h e  t echn iques  be ing  
used i n  t h e  absence of s h i p  motion and w i t h  a 
known p o s i t i o n  of t h e  s h i p .  These t e s t s  used 
o r b i t s  determined by l and  based  s t a t i o n s  and 
t r a c k i n g  geometry s i m i l a r  t o  t h a t  planned f o r  a t  
sea t e s t s .  The docks ide  tes ts  t h u s  provided  a 
checkout of d a t a  hand l ing  t echn iques  and gave a 
s h i p  p o s i t i o n  whose accuracy  cou ld  be checked. 
The dockside accuracy  should  be approximate ly  
equaled a t  s e a  excep t  f o r  SINS e r r o r s  and 
p o s s i b l y  degraded r a d a r  c a l i b r a t i o n .  
2 .  A t  s e a  t e s t i n g  w i t h  r e s u l t s  checked by a n a l y s i s  of 
s h i p  range r e s i d u a l s  and comparison of e s t i m a t e d  
s h i p  p o s i t i o n  w i t h  t h a t  o b t a i n e d  from independent  
systems such  a s  LORAC. The r e s u l t s  o b t a i n e d  h e r e  
should i n d i c a t e  t h e  accuracy a c h i e v a b l e  w i t h  t h e  
SINS d a t a  f o r  r e l a t i v e  p o s i t i o n i n g  accep ted  w i t h  no 
a t tempt  a t  c o r r e c t i o n  o r  improvement. 
performance can be somewhat v a r i a b l e ,  some c a r e  
must be t aken  i n  e x t r a p o l a t i n g  r e s u l t s  based  on a 
l i m i t e d  number of t e s t s .  
S ince  SINS 
3 .  Analys is  o f  a t  s e a  t e s t s  t o  de t e rmine  whether  
e f f e c t i v e  improvements can be made i n  t h e  SINS 
d a t a  which l e a d  t o  improved p o s i t i o n i n g  c a p a b i l i t y .  
For the  most p a r t ,  t h i s  a n a l y s i s  c o n s i s t s  o f  comparing 
d a t a  r educ t ion  r e s u l t s  w i t h  t h e  ORAN s i m u l a t i o n s  
of t h e  d a t a  r e d u c t i o n ,  ,and 
i n t o  the  a d j u s t e d  pa rame te r s  and measurement r e s i d u a l s .  
p r o p a g a t i n g  SINS e r r o r s  
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The r e s u l t s  f rom these  t h r e e  phases  should  p rov ide  
e s t i m a t e s  of  s h i p  p o s i t i o n i n g  a c c u r a c i e s  c u r r e n t l y  
a c h i e v a b l e ,  t o g e t h e r  w i t h  an i n d i c a t i o n  of  t h o s e  p r o -  
c e d u r a l  and d a t a  r e d u c t i o n  changes most l i k e l y  t o  improve 
t h e  r e s u l t s  of f u t u r e  t e s t s .  
4 . 1  DATA SELECTION 
The d a t a  s e l e c t e d  f o r  t h e  s h i p  p o s i t i o n i n g  
s t u d i e s  c o n s i s t e d  of  "raw" range d a t a  from one and two 
a r e  g iven  i n  t h e  fo l lowing  s u b - s e c t i o n s .  
( s u c c e s s i v e )  p a s s e s  of GEOS-B. The r easons  f o r  t h e s e  cho ices  
4 . 1 . 1  Use of Angle Data 
Azimuth and e l e v a t i o n  measurements, a l t hough  made 
by t h e  s h i p  r a d a r ,  p rovide  p o s i t i o n  measurements g r o s s l y  
i n f e r i o r  t o  t h e  range measurement. A l ow a n g l e  n o i s e  l e v e l  
o f  1 0  a r c  seconds cor responds ,  f o r  example, t o  a p o s i t i o n  
e r r o r  of  about  1 0 0  meters  a t  t y p i c a l  GEOS-B ranges .  Biases  
would be expec ted  t o  be s e v e r a l  t imes  t h i s  v a l u e  because of  
t h e  d i f f i c u l t y  i n  ang le  c a l i b r a t i o n .  I n  a d d i t i o n ,  t h e  
removal of s h i p  motion ( p i t c h  and r o l l )  cannot  be expec ted  
t o  be done wi thou t  t h e  i n t r o d u c t i o n  of a p p r e c i a b l e  e r r o r .  On 
t h e  o t h e r  hand, t h e  r a d a r  range n o i s e  l e v e l  i s  on t h e  o r d e r  
o f  two m e t e r s ,  and i t s  b i a s  should  be l a r g e l y  removable 
even f o r  a t  s e a  c a l i b r a t i o n s .  Given t h e  e x e r c i s e  of 
s u f f i c i e n t  geometry,  range d a t a  a lone  i s  q u i t e  capab le  o f  
de t e rmin ing  a l l  t h r e e  c o o r d i n a t e s  of  s h i p  p o s i t i o n .  Ship 
a n g l e  d a t a  was t h e r e f o r e  n o t  used f o r  s h i p  p o s i t i o n  s t u d i e s  
e x c e p t  f o r  some range t r a n s f o r m a t i o n s  as i n d i c a t e d  i n  
S e c t i o n  4 . 1 . 2  and 4 . 3 .  
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4 1 . 2  Use of R a w  Ranee Data 
I n  o rde r  t o  be a b l e  t o  p rov ide  d a t a  f o r  e x t e r n a l  use  
i n  f i x e d  t r a c k e r  d a t a  r e d u c t i o n s ,  t h e  s h i p  borne computer 
p o s s e s s e s  t h e  c a p a b i l i t y  o f  t r ans fo rming  (R,A,E) measurements 
t o  t h e  cor responding  measurements f o r  a f i x e d  t r a c k i n g  p o i n t .  
This  t r a n s f o r m a t i o n  r e q u i r e s  two types  of i n p u t :  t h e  l o c a t i o n  
of  t h e  s h i p  (or  r a d a r )  r e l a t i v e  t o  t h e  f i x e d  t r a c k i n g  p o i n t ;  
and t h e  t h r e e  c o o r d i n a t e s  of p o s i t i o n  of t h e  s a t e l l i t e .  The 
f i r s t  of  t h e s e  i n p u t s  i s  provided  by t h e  SINS p o s i t i o n  d a t a .  
The second i s  provided by t h e  f u l l  s e t  o f  r a d a r  measurements 
( R , A , E )  smoothed over  some i n t e r v a l  u s i n g  f i l t e r i n g  a p p r o p r i a t e  
f o r  a t a r g e t  i n  o r b i t .  The t ransformed d a t a  i s  thus  a f f e c t e d  
by SINS e r r o r s  and r a d a r  ang le  e r r o r s  ( n o i s e  and b i a s e s )  and 
i s  a c c e p t a b l e  d a t a  only  i f  t h e r e  i s  no b e t t e r  procedure  f o r  
hand l ing  i t .  The use  o f  raw d a t a  does n o t  e l i m i n a t e  t h e  e f f e c t s  
of  SINS e r r o r s  u n l e s s  t h e r e  i s  some a u x i l i a r y  p o s i t i o n  measure- 
ment a v a i l a b l e .  I t  does ,  however, comple te ly  e l i m i n a t e  t h e  
e f f e c t s  of angle  e r r o r s  s i n c e  t h e  s a t e l l i t e  o r b i t  determined 
by ground based t r a c k e r s  i s  e f f e c t i v e l y  used a s  a b a s i s  f o r  
t h e  measurement t r a n s f o r m a t i o n .  For t h e s e  r e a s o n s ,  s h i p  
t ransformed r a d a r  d a t a  has  had ve ry  l i m i t e d  use  and t h e  
raw d a t a  has  been used i n s t e a d .  
4 .1 .3  S e l e c t i o n  of Data Spans 
I n  a l l  s h i p  p o s i t i o n  s t u d i e s  made t o  d a t e ,  one o r  two 
r e v o l u t i o n s  of s a t e l l i t e  t r a c k i n g  d a t a  h a s  been used  b o t h  
from l a n d  based t r a c k e r s  and from t h e  s h i p .  There a r e  a 
number of  reasons f o r  bo th  u s i n g  two r e v o l u t i o n s  and a l s o  
f o r  l i m i t i n g  the  d a t a  span t o  two r e v o l u t i o n s .  The need f o r  
more t h a n  one r e v o l u t i o n  o f  d a t a  i s  because  of  t h e  much g r e a t e r  
geometry f o r  t h e  s h i p  which t h e  two p a s s e s  ( r a t h e r  t h a n  one)  
p r o v i d e ,  w i t h  an a s s o c i a t e d  c a n c e l l a t i o n  o f  b o t h  s h i p  and 
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l and based r a d a r  e r r o r  e f f e c t s .  Two r e v o l u t i o n s  o f  l a n d  
based d a t a  should a l s o  provide  a somewhat more a c c u r a t e  
o r b i t  u n l e s s  a l a r g e  number o f  ground s t a t i o n s  a r e  
t r a c k i n g  dur ing  t h e  s i n g l e  r e v o l u t i o n  case  ( a s  was never  
t h e  c a s e ) .  To ex tend  t h e  t r a c k i n g  p e r i o d  beyond two r e v -  
o l u t i o n s  means t h a t  a t  l e a s t  a twelve hour p e r i o d  must be 
used.  O r b i t  e r r o r s  can be cons ide rab ly  g r e a t e r  f o r  t h i s  
p e r i o d  t h a n  f o r  t h e  approximately two hour p e r i o d  needed 
f o r  t h e  two r e v o l u t i o n s .  In  a d d i t i o n ,  SINS e r r o r s  be-  
come e s s e n t i a l l y  i n t o l e r a b l y  l a r g e .  The one p a s s  r e s u l t s  
a r e  of  i n t e r e s t  because o f  t h e  s i t u a t i o n s  i n  which only  one 
p a s s  of d a t a  i s  a v a i l a b l e ,  which i s  t h e  case  w i t h  SRN-9 . 
t ype  p o s i t i o n i n g .  
4 . 2  O R B I T  ERROR EFFECTS ON SHIP POSITIONING 
One of t h e  l i m i t a t i o n s  on the  accuracy w i t h  which 
s h i p  p s o i t i o n  can be determined us ing  s a t e l l i t e  t r a c k i n g  
d a t a  i s  t h e  accuracy of t h e  s a t e l l i t e  o r b i t  i t s e l f .  With 
t h e  s a t e l l i t e  w e l l  t r acked  by h i g h l y  a c c u r a t e  i n s t r u m e n t s  
on t h e  s h i p  ( e . g . ,  measuring R ,  A ,  E ) ,  it would be expected 
t h a t  o r b i t  e r r o r s  would t r a n s l a t e  one t o  one i n t o  p o s i -  
t i o n i n g  e r r o r s .  Because of  t h e  l i m i t e d  amount and type  
of  good t r a c k i n g  d a t a ,  t o g e t h e r  w i t h  t h e  n a t u r e  o f  t h e  
a c t u a l  o r b i t  e r r o r s ,  t h e r e  can be a m a g n i f i c a t i o n  of o r b i t  
e r r o r s  when t ransformed i n t o  t r a c k i n g  s t a t i o n  e r r o r .  
Two s t a t i o n  r e c o v e r i e s  were s imula t ed  u s i n g  t h e  
ORAN program f o r  t h e  purpose of e s t i m a t i n g  t h e  e f f e c t s  of 
v a r i o u s  o r b i t  e r r o r  sources  on one and two r e v o l u t i o n  
s o l u t i o n s .  The o r b i t a l  s o l u t i o n s  were each de termined  by 
two ground based r a d a r s .  The one r e v o l u t i o n  s o l u t i o n  used 
d a t a  from Wallops and Bermuda and t h e  two r e v o l u t i o n  s o l u -  
t i o n  used d a t a  from Bermuda and Antigua. The e f f e c t s  of  
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v a r i o u s  ground based t r a c k e r  e r r o r s  on t h e  recovered  
p o s i t i o n s  w i l l  depend somewhat upon t h e  p o s i t i o n  of t h e  
s h i p  r e l a t i v e  t o  each t r a c k i n g  s t a t i o n .  The two s imula -  
t i o n s  performed can ,  however, be  cons ide red  as r easonab ly  
r e p r e s e n t a t i v e  of one and two r e v o l u t i o n  s o l u t i o n s  when 
s h i p  range  b i a s e s  must be  e s t i m a t e d  on each p a s s .  
Tab le s  1 and 2 show, the . e f f e c t s  of  postulated s t a t i o n  
l o c a t i o n ,  range b i a s ,  r e f r a c t i o n ,  and g e o p o t e n t i a l  c o e f f i c i e n t  
e r r o r $  on the  one and two r e v o l u t i o n  s h i p  p o s i t i o n  r e c o v e r i e s .  
For t h e  one pass s o l u t i o n ,  t h e  l a r g e s t  e f f ec t s  are due to 
ground s t a t i o n  b i a s e s ,  f o r  which s l i g h t l y  p e s s i m i s t i c  v a l u e s  
of 3 meters have been assumed. Geopo ten t i a l  c o e f f i c i e n t  
e r r o r s ,  as might be expec ted ,  have a comple te ly  n e g l i g i b l e  
e f f e c t  on t h i s  s o l u t i o n .  The t o t a l  u n c e r t a i n t y  i s  approx i -  
mately 1 2  m ,  which i s  comparable t o  what can be expec ted  
f o r  t h e  p o s i t i o n i n g  of l and  based s t a t i o n s  u s i n g  m u l t i p l e  
p a s s e s .  
Table  1 
E f f e c t s  of O r b i t  U n c e r t a i n t y  on One 
Revolut ion (Geos B Rev 7991) Ship  P o s i t i o n i n g  Accuracy 
Effect (Meters)  on 
O r b i t  E r r o r  Source L a t i t u d e  Longi tude 
Lat (5m) 
Lon (Sm) I Height  (5m) S t a t i o n  P o s i t i o n  U n c e r t a i n t y  (Bermuda r e l a t i v e  
Ship r e f r a c t i o n  (10%) 
Geopo ten t i a l  C o e f f i c i e n t  
Bermuda Range Bias (3m) 
Wallops Range Bias (3m) 




2 . 0  
1 . 5  





1 . 7  
6 .6  
5 . 3  
2 . 0  
. 7  
6 . 1  
4 . 8  
1 1 . 5  
2 4  
Table 2 
O r b i t  E r r o r  Source 
I 
I -  
L a t i  t u d e  
Ef fec t s  of  O r b i t  U n c e r t a i n t y  on Two 




S t a t i o n  P o s i t i o n  
U n c e r t a i n t y  
(Bermuda r e l a t i v e  
Ship R e f r a c t i o n  ( 1 0 % )  
t o  Antigua)  
I I Effec t  (Meters) On 
2 . 7  
2.8 
6 .5  
2 .5  
G e o p o t e n t i a l  C o e f f i c i e n t s  
Bermuda Range Bias  (3m) 
(0.25 APL-SAO) 2.8 
7 . 1  
I * 7  Antigua Range Bias (3m) 
Longi tude 
0 . 2  
1 . 4  
13.7  




RSS Ef fec t s  I 11.1 I 2 1 . 2  I 
The e f f e c t s  of  r a d a r  b i a s e s  a re  s t i l l  t h e  dominant 
e r r o r  sou rce  f o r  t h e  two pass  s o l u t i o n ,  as shown i n  Table  2 .  
They a r e  a c t u a l l y  somewhat g r e a t e r  t h a n  f o r  t h e  s i n g l e  p a s s  
s a l u t i o n ,  a l though  t h i s  may be a t t r i b u t e d  t o  l e s s  f a v o r a b l e  
geometry f o r  t h e  o r b i t  d e t e r m i n a t i o n .  G e o p o t e n t i a l  c o e f f i -  
c i e n t  e r r o r s  now have a n o n - n e g l i g i b l e  e f f e c t ,  s i n c e  such  
e r r o r s  do produce o r b i t  e r r o r s  of a few me te r s  f o r  a one 
r e v o l u t i o n  s o l u t i o n .  The t o t a l  u n c e r t a i n t y  o f  about  24 m 
i s  c o n s i d e r a b l y  g r e a t e r  than  t h a t  a c h i e v a b l y  f o r  ground 
based s t a t i o n s  w i t h  good geomet r i ca l  coverage .  
o f  b i a s  r ecove ry  on b o t h  pas ses  i s  l a r g e l y  r e s p o n s i b l e  f o r  
t h e  magnitude o f  2 4  m .  
The n e c e s s i t y  
4 . 3  DOCKSIDE TESTS 
Using two s u c c e s s i v e  GEOS-B t r a c k s  by t h e  Vanguard C-band 
r a d a r  w i t h  t h e  s h i p  i n  P o r t  Canavera l ,  i t  has  been p o s s i b l e  
t o  check o u t  t h e  r a d a r  and d a t a  hand l ing  and r e d u c t i o n  
p r o c e s s e s  under n e a r  i d e a l  c o n d i t i o n s .  Lack of motion by 
t h e  s h i p  removed t h e  compl i ca t ions  of t h e  moving t r a c k e r .  
And t h e  p o s i t i o n  o f  t h e  t r a c k e r  was t i e d  t o  a w e l l  surveyed 
p o i n t .  P o s i t i o n  recovery  under  t h e s e  c o n d i t i o n s  should  
g i v e  an i n d i c a t i o n  of  t h e  accuracy t h a t  should  be expec ted  
when t h e  s h i p  motion i s  p e r f e c t l y  taken  i n  account .  
Table  1 shows t h e  r a d a r  p o s i t i o n  r ecove red  when 
t r a c k s  of  Revolut ions 7 9 7 2  and 7973 were used i n  con junc t ion  . 
w i t h  land-based t r a c k i n g  by Wallops and Bermuda r a d a r s .  
The e s t i m a t e d  p o s i t i o n ,  when compared t o  t h e  survey  p o s i t i o n  
a l s o  shown i n  Table 3,  shows a d i f f e r e n c e  of  on ly  1 7  meters. 
This  f i g u r e  should be cons ide red  a measure of t h e  accuracy  
of  t h e  e s t ima ted  p o s i t i o n  r e l a t i v e  t o  Wallops and Bermuda. 
For both  r a d a r  p a s s e s ,  independent  r a d a r  range  
b i a s e s  were e s t ima ted  a l o n g  w i t h  t h e  s h i p  p o s i t i o n .  
of - 6 7  and - 1 7  meters were r ecove red ,  i n d i c a t i n g  b o t h  
s i g n i f i c a n t  b i a s e s  and b i a s e s  which d i f f e r  between p a s s e s .  
Biases  
The s h i p  r a d a r  and l a n d  based r a d a r  r e s i d u a l s  
( d i f f e r e n c e s  between t h e  observed  r anges  and t h e  c a l c u l a t e d  
r anges  t o  t h e  f i t t e d  o r b i t )  f o r  Revo lu t ions  7972 and 7973 
a r e  shown i n  F igures  1 and 2 ,  r e s p e c t i v e l y .  The raw r a d a r  
range  r e s i d u a l s  a r e  denoted  by ISTA19. The r e s i d u a l s  
denoted  by ISTA66 r e f e r  t o  t h e  low speed  d a t a  t r ans fo rmed  
by t h e  s h i p  computer a s - d i s c u s s e d  i n  S e c t i o n  4 . 1 . 2 .  The 
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t r e n d s  i n  t h e s e  r e s i d u a l s  a r e  an i n d i c a t i o n  t h a t  something 
was wrong i n  t h e  t r a n s f o r m a t i o n  p r o c e s s .  The ISTA19 
r e s i d u a l s  seem q u i t e  comparable t o  t h e  l and-based  r a d a r  
range  r e s i d u a l s .  
I n  a d d i t i o n  t o  t h e  Vanguard docks ide  t e s t s  
d i s c u s s e d  above, i n  p o r t  r e d u c t i o n s  have a l s o  been made 
of a s i n g l e  r e v o l u t i o n  o f  d a t a  f o r  an  Apol lo  t r a c k i n g  s h i p  
i n  t h e  Sydney, A u s t r a l i a ,  harbor .  The r e s u l t s  o f  t h i s  
t e s t  have been r e p o r t e d  i n  Reference 1 and show recovery  
accuracy  somewhat l e s s ,  bu t  s t i l l  on t h e  same o r d e r  a s  
i s  i n d i c a t e d  by Table  3 .  
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TABLE 3 
DOCKSIDE SHIP TEST 
GEOS-B REVS 7972  - 7 9 7 3  
NAD-27 POSITIONS 
A d j u s t e d  S u r v e y  
L a t i t u d e  28" 2 4 '  3 1 . 8 "  28' 2 4 '  3 1 . 4 "  
L o n g i t u d e  279" 2 3 '  4 4 . 1 "  279" 2 3 '  4 4 . 5 "  
H e i g h t  7 . 2  m 1 4 . 6  m 
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4 . 4  AT SEA TEST RESULTS 
A t  s e a  Vanguard t r a c k s  on t h r e e  d i f f e r e n t  days have 
been reduced ,  i n  a l l  ca ses  us ing  t h e  SINS d a t a  f o r  r e l a t i n g  
t h e  p o s i t i o n  o f  t h e  s h i p  dur ing  t r a c k  t o  i t s  p o s i t i o n  a t  
t h e  beginning  of  t r a c k .  When t r a c k s  on s u c c e s s i v e  r evo-  
l u t i o n s  were a v a i l a b l e ,  t h e  i n i t i a l  p o s i t i o n  used  was t h a t  
a t  t h e  beginning  of  t h e  f i r s t  t r a c k .  
R e s u l t s  f o r  t h e  t h r e e  d i f f e r e n t  t e s t s  w i l l  f i r s t  be 
g iven  a long  w i t h  some a n a l y s i s  of t h e  r ecove red  s h i p  p o s i -  
t i o n s  and t h e  l a r g e  s y s t e m a t i c  measurement r e s i d u a l s  which 
were o b t a i n e d  f o r  a l l  a t  s e a  t e s t s .  I n  one case,  one p a s s  
of a two p a s s  t e s t  w i l l  be  reduced s e p a r a t e l y  t o  see how w e l l  
t h e  one and two p a s s  s o l u t i o n s  a g r e e .  
I t  shou ld  be no ted  t h a t  a h e i g h t  recovery  was n o t  
a t t empted  f o r  any o f  t h e  a t  sea t e s t s .  This  c o n s t r a i n t  was 
used  because of t h e  l i m i t e d  amount of  d a t a  on some p a s s e s  and 
t h e  n e c e s s i t y  f o r  r ecove ry  o f  range  b i a s e s  on a l l  p a s s e s .  
This  n e c e s s i t y  was i n d i c a t e d  by t h e  d o c k s i d e  t e s t s ,  which 
showed b i a s  d i f f e r e n c e s  on t h e  o r d e r  of  50 meters from one 
p a s s  t o  t h e  n e x t  ( S e c t i o n  4 . 3 ) .  A t  sea  type  d a t a  r e d u c t i o n s  
were a t t empted  w i t h  no b i a s  r ecove ry ,  w i t h  g e n e r a l l y  d i s a s t r o u s  
r e s u l t s ,  even when SINS errors were e s t i m a t e d .  
4 . 4 . 1  One Pass S o l u t i o n  - Revolu t ion  7 9 9 1  
Table  4 g i v e s  t h e  e s t i m a t e d  s h i p  p o s i t i o n  a t  t h e  be-  
g i n n i n g  of  t r a c k  on GEOS-B Revolu t ion  7 9 9 1 .  The on ly  a v a i l -  
a b l e  comparison p o s i t i o n  i s  t he  SINS p o s i t i o n ,  a l s o  l i s t e d  
i n  Table  4 .  Dif fe rences  a re  approximate ly  4 4 0  mete r s  i n  
l a t i t u d e  and 30 meters  i n  l o n g i t u d e .  A r e l i a b l e  e s t i m a t e  f o r  
t h e  accuracy  of  t h e  SINS p o s i t i o n  i s ,  however, n o t  a v a i l a b l e .  
3 1  
SINS a priori 
Adjusted (assuming no 
SINS error) 
TABLE 4 
AT SEA SHIP TEST 
GEOS-B REV 7991 
Adjusted (including SINS 
error ad jus tment) 
Orbit Determination by: 
Latitude 
28' 23' 22.4" 
28' 23' 38.8" 
28' 24' 56.0" 
Longitude 
280' 15' 18.0" 
280' 15' 24.2" 





The residuals for the ship range measurements after 
the ship position (and radar bias) estimation are shown in 
Figure 3 .  Residuals for the land based radars were some- 
what smaller than the ship residuals and are not shown. 
The SINS velocity error best accounting for the observed 
residuals was estimated using the modified ORAN program. 
Velocity error estimates of 
= 5 . 3  m/sec &'East 
= 2 . 8  m/sec "North 
were found. The effects of this velocity error on the ship 
range residuals are shown as the s o l i d  curve of  Figure 3. A 
pattern quite close to that of the actual residuals is 
observed. 
The estimated initial position of the ship, taking 
account of the above velocity error, is given in Table 4. 
It will be noted that the "corrected" position i s  somewhat 
farther from the a priori SINS position than was the first 
estimated position. In itself, this does not necessarily 
indicate a degradation of the recovered ship position, since 
the accuracy of the SINS initial position is not known. 
However, the estimated velocity error is unrealistically 
large - an indication that the total set of adjusted para- 
meters is somewhat suspect. Further evidence of a weak 
solution is provided by the high correlation (0.99) between 
the two velocity components. The weak solution is due to 
the estimation of 
2 components of ship position 
2 components of ship velocity error 
1 range bias 
using only a limited amount of data. Since the reduction, in 
the same manner, of data from another single pass radar track 
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Figure 3 
Ship Range Residuals for GEOS-B REV 7991 
Actual residuals 
- Effects on residuals 
of estimated SINS 
velocity error 
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produced r e s u l t s  which look  somewhat b e t t e r ,  there  i s  a 
s u s p i c i o n  t h a t  t h e  ope ra t ion  of t h e  SINS system d u r i n g  t h i s  
t e s t  may have had problems.  
4 . 4 . 2  One Pass  S o l u t i o n  - Revolu t ion  8004 
GEOS-B was t r a c k e d  by t h e  Vanguard C-Band r a d a r  
and ground s t a t i o n s  on Revolu t ions  8003 and 8004. For 
comparison of r e s u l t s  w i t h  Revo lu t ion  7991, t h e  d a t a  f o r  
8004 was used  a lone  i n  a sh ip  p o s i t i o n i n g  s o l u t i o n  (both 
r e v o l u t i o n s  of  ground t r a c k i n g  were used  t o  de te rmine  the  
s a t e l l i t e  o r b i t ) .  The e s t ima ted  i n i t i a l  p o s i t i o n  of  the  
s h i p  i s  shown i n  Table  5 .  The t ime of  t h e  r e f e r e n c e  p o s i t i o n  
was chosen t o  be p r i o r  t o  Revolu t ion  8003 s o  t h a t  comparisons 
cou ld  be made w i t h  t h e  two r e v o l u t i o n  s o l u t i o n  t o  be  d i s c u s s e d  
below. 
I n  a d d i t i o n  t o  t h e  a p r i o r i  SINS p o s i t i o n  f o r  compari-  
son ,  a LORAC p o s i t i o n  is  a l s o  a v a i l a b l e  f o r  t h i s  t e s t  and 
i s  l i s t e d  i n  Table  5 .  The agreement o f  the  e s t i m a t e d  
l a t i t u d e  w i t h  the  LORAC l a t i t u d e  i s  q u i t e  poor ,  d i f f e r i n g  
by about  2500 meters r e g a r d l e s s  of whether  o r  n o t  SINS 
e r r o r s  a r e  e s t i m a t e d .  Longitude d i f f e r e n c e s  a re  much s m a l l e r ,  
b u t  a re  s t i l l  s e v e r a l  hundred m e t e r s .  The SINS v e l o c i t y  
e r r o r  components e s t ima ted  a re  
= 1 . 2  m/sec "West 
= 1 . 0  m/sec. "South 
As can be s e e n  from t h e  r e s i d u a l s  and SINS e r r o r  e f f e c t s  
shown i n  F igu re  4 ,  t h i s  v e l o c i t y  e r r o r  p r o v i d e s  a r easonab ly  
good e x p l a n a t i o n  f o r  the s y s t e m a t i c  t r e n d s  i n  the  s h i p  range  
3 5  
SINS a priori 
LORAC 
TABLE 5 
AT SEA SHIP TEST 
GEOS-I1 REV 8004 
Latitude Longitude 
27' 7 '  17.5" 283' 3 9 '  0 . 6 "  
27' 7 '  3 2 . 0 "  283' 3 8 '  5 3 . 0 "  
Adjusted (assuming no 
SINS error) 27' 9' 12.1" 283' 3 9 '  9 . 2 "  
Adjusted (including SINS 
error adjustment) 27' 9 '  7 . 2 "  283' 3 8 '  41.0" 
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residuals. The velocity error estimated, however, is 
still too large to be physically acceptable, Again, as 
for Revolution 7991, there are the problems of the adjust- 
ment of five parameters using a limited amount of data and 
a resulting high correlation between the errors in 
the velocity components. 
It should be noted that ship position and velocity 
errors accumulated between revolutions would affect the 
comparisons with LORAC given in Table 5 ,  without really 
affecting the one revolution position determination. 
4.4.3 Two Pass Solution - Revolutions 8003-8004 
GEOS-I1 was tracked for only a couple of minutes on 
Revolution 8003, far less than the approximately ten minutes 
obtained on some high elevation tracks. Alone, the data 
is of limited utility for ship positioning. In combination 
with a good track of Revolution 8004, the data is quite 
useful because of the additional geometry provided by tracks 
of both sides of the ship. It is necessary, however, for 
SINS errors to be either small or well modeled from the 
beginning of the first revolution track to the end of the 
second revolution track. 
Table 6 shows the adjusted ship position found 
using data from Revolutions 8003 and 8004. Figure 5 
shows the ship range residuals for both revolutions after 
the ship position and bias (one for each pass) estimations. 
Comparison with the LORAC position shows the adjusted 
position to be in error by about 500 m in longitude and 
3000 m in latitude. The range resduals remaining after 





AT SEA SHIP TEST 
GEOS-B REVS 8003  - 8004 
Adjusted (assuming no 
SINS error) 
Adjusted (including SINS 
error adjustment) 
Latitude Longitude 
27"  7 '  1 7 . 5 "  283"  3 9 '  0 .6"  
27 "  7 '  32 .0"  283"  3 8 '  53.0' ' 
2 7 "  9 '  12 .9"  283"  3 9 '  10.9" 
Orbit Determination by: 
Bermuda FPS-16 
Antigua FPQ-6 
2 7 "  7 '  23.2" 283"  3 9 '  0.6" 
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a two r e v o l u t i o n  o r b i t a l  f i t  f o r  ground s t a t i o n s )  and 
t r e n d e d ,  p a r t i c u l a r l y  f o r  t h e  f i r s t  r e v o l u t i o n .  
The SINS v e l o c i t y  e r r o r s  p r o v i d i n g  t h e  b e s t  f i t  
f o r  t h e  observed r e s i d u a l s  a r e  found t o  be 
= 0 . 1 4  m/sec "West 
"South = 0 . 5 3  m/sec . 
The c o n t r i b u t i o n s  which t h e s e  e r r o r s  make t o  t h e  a c t u a l  
r e s i d u a l s  a re  a l s o  shown on F igure  5 .  
q u i t e  good. Removing t h e  e f f e c t s  of  t h e s e  v e l o c i t y  e r r o r s  
from t h e  i n i t i a l  s h i p  p o s i t i o n ,  we o b t a i n ,  as shown i n  
Table  6 ,  agreement w i th  the  LORAC p o s i t i o n  t o  w i t h i n  l e s s  
t h a n  300 meters i n  l a t i t u d e  and approximate ly  2 0 0  meters  
i n  l o n g i t u d e .  
Again, t he  f i t  appea r s  
The a d j u s t e d  p o s i t i o n ,  i n c l u d i n g  SINS e r r o r s ,  
shows c l o s e r  agreement w i th  the LORAC p o s i t i o n  t h a n  does t h e  
a p r i o r i  SINS p o s i t i o n .  I n  a d d i t i o n ,  t h e  SINS v e l o c i t y  
e r r o r s  e s t i m a t e d  a r e  much c l o s e r  t o  p h y s i c a l l y  a c c e p t a b l e  
v a l u e s  t h a n  a r e  any o f  t h e  one r e v o l u t i o n  s o l u t i o n s .  The 
two r e v o l u t i o n  s o l u t i o n  thus  appea r s  f a r  s u p e r i o r  t o  the 
one  r e v o l u t i o n  s o l u t i o n s ,  t a k i n g  i n t o  account  t h e  n e c e s s i t y  
f o r  a d j u s t i n g  range  b i a s e s  on each  p a s s  and the s h i p  
i n i t i a l  p o s i t i o n  and v e l o c i t y  e r r o r s .  
The accuracy  o f  the LORAC p o s i t i o n  was e s t i m a t e d  t o  
b e  approximate ly  18  meters  (an tenna  s e p a r a t i o n  of  approx i -  
ma te ly  15 .24  meters have n o t  been  i n c l u d e d  i n  Tab le  6 ) ,  
b a s e d  on t h e  r e l a t i v e  l o c a t i o n s  of the s h i p  and LORAC t rans-  
m i t t i n g  s t a t i o n s  (References 2 and 3 ) .  The system does 
q u a l i f y  as a good s t a n d a r d  i n  t h i s  c a s e .  
4 1  
4 . 4 . 4  Two Pass Solution - Revolutions 8010-8011 
GEOS-B was tracked on Revolutions 8010 and 8011 by 
the Vanguard radar and two ground based C-band radars. 
The ship passes were somewhat similar to those for 
8003 and 8004, with a short low elevation pass followed 
by a long high elevation pass. 
radars were used to obtain the satellite orbit. However, 
the accuracy of the determined orbit should be comparable 
to that for Revolutions 8003 and 8004. The direction 
of the satellite passes (North to South instead of  South 
to North) should be insignificant. 
Different ground based 
The ship position estimated for the beginning o f  
track on Revolution 8010 is given in Table 7.' Residuals 
after the adjustment are shown in Figure 6. 
are somewhat similar to those for the 8003 and 8004 passes, 
with an amplitude approximately twice as large, In addition, 
there is a data dropout during the middle of the second 
pass. Correlations of the data dropout with the data 
quality is unknown. 
range bias throughout the second pass, but allowed to 
vary from that for the first pass. 
The residuals 
The data reduction assumed the same 
The SINS velocity error best accounting for the 
observed residuals was found to be 
= 0.14 %est 
'L 0 .  "North - 
These errors are physically acceptable and do not result 
in very large corrections to the ship initial position 
(compared to the corrections found for Revolution 8003), 
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TABLE 7 
AT SEA SHIP TEST 
GEOS-B REVS 8010 - 8011 
L a t i t u d e  Longitude 
SINS a p r i o r i  27'  6 '  41.8'' 283' 3 8 '  10.5" 
Adjusted (assuming 
no SINS e r r o r s )  27 '  7 '  2 7 . 1 "  283' 37' 35.8" 
Adjus ted  ( i n -  
c lud ing  SINS e r r o r  
ad jus tment )  27 '  7 '  18.6" 283" 37'  20.9" 
O r b i t  Determinat ion by:  
Wallops FPS-16 
Bermuda FPS - 1 6  
4 3  
4 4  
a s  shown i n  Table  7 .  The c o r r e c t i o n s  a r e  l e s s  t h a n  
1 0  seconds i n  l a t i t u d e  and about 1 5  seconds i n  l o n g i t u d e .  
However, t h e  above v e l o c i t y  e r r o r  does n o t  account  v e r y  
w e l l  f o r  t h e  a c t u a l  r e s i d u a l s ,  a s  i s  e v i d e n t  from t h e  
curves  i n  F igu re  6 .  I n  p a r t i c u l a r ,  t h e  f i r s t  p a r t  of t h e  
second p a s s  does n o t  f i t  very  w e l l  a t  a l l ,  and d a t a  
problems dur ing  t h i s  pe r iod  a r e  t h u s  sugges t ed  t o  a c t u a l l y  
e x i s t .  No f u r t h e r  a n a l y s i s  of t h e  d a t a  on t h i s  p a s s  
has  been made. D i f f e r e n t  b i a s  l e v e l s  on t h e  two p a r t s  of  
t h e  second p a s s  i s  t h e  most p robab le  e x p l a n a t i o n .  However, t h i s  
would r e q u i r e  t h e  e s t i m a t i o n  of  one a d d i t i o n a l  parameter  
when t h e  s o l u t i o n  i s  a l r eady  q u i t e  weak. 
4 . 4 . 5  Range Bias Es t imat ion  
As has  been i n d i c a t e d ,  range  b i a s  r e c o v e r i e s  were 
made i n  a l l  s h i p  t e s t  r e d u c t i o n s  f o r  each  p a s s .  This was 
cons ide red  n e c e s s a r y  because of t h e  l a c k  of  w e l l  e s t a b l i s h e d  
p rocedures  f o r  p r e c i s e  c a l i b r a t i o n  of t h e  s h i p  r a d a r .  The 
b i a s e s  which were recovered f o r  the v a r i o u s  t e s t s  a r e  
l i s t e d  i n  Table  8 .  Values a r e  g iven  f o r  t h e  SINS e r r o r  
i gnored  c a s e s  and f o r  t h e  SINS e r r o r  a d j u s t e d  cases. 
I n  a b s o l u t e  te rms ,  some of t h e s e  b i a s e s  a re  q u i t e  
l a r g e  and i n c o n s i s t e n t  wi th  even a nominal r a d a r  c a l i b r a t i o n ,  
However, t h e  most s t r i k i n g  a s p e c t  of t h e  Table  i s  t h e  
l a r g e  magnitude of t h e  b i a s e s  f o r  8 0 0 3 - 8 0 0 4  w i t h  SINS 
a r e  "co r rec t ed"  when t h e  SINS v e l o c i t y  e r r o r  ad jus tment  
i s  al lowed.  
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SECTION 5 . 0  
CONCLUSIONS AND RECOMMENDATIONS 
The r e s u l t s  p r e s e n t e d  i n  t h e  p reced ing  s e c t i o n s  
have shown t h a t  C-band r a d a r  d a t a  f r o m  t h e  Vanguard i s  
p o t e n t i a l l y  u s e f u l  f o r  accu ra t e  g e o d e t i c  p o s i t i o n i n g  
p rov ided  t h e  r e l a t i v e  s h i p  movement can  be a c c u r a t e l y  
t aken  i n t o  account .  The r e s u l t s  and t h e  i m p l i c a t i o n s  
f o r  f u r t h e r  
1. 
2. 
3 .  
4 .  
5. 
a n a l y s i s  may be  summarized a s  fo l lows :  
A two s a t e l l i t e  p a s s  p o s i t i o n  e s t i m a t i o n  
accuracy  on t h e  o r d e r  of 1 5  meters i s  p o s s i b l e  
u s i n g  a sh ip  C-band r a d a r  when r e l a t i v e  s h i p  
p o s i t i o n  between d a t a  p o i n t s  i s  known from 
o t h e r  s o u r c e s ,  
Ship p o s i t i o n  e s t i m a t i o n  us ing  SINS d a t a  f o r  
r e l a t i v e  s h i p  motion [and cons idered  t o  be 
e r r o r  f r e e )  g ives  pos i t i 'on  e r r o r s  which may 
exceed 3 km. f o r  a two pass s o l u t i o n .  
Modeling of SINS e r r o r s  over  a two p a s s  pe r iod  
appears  p o s s i b l e ,  w i t h  t h e  s o l u t i o n  f o r  speed 
and heading e r r o r s .  
A much s t r o n g e r  s t a t i o n  e s t i m a t i o n  would b e  
p o s s i b l e  i f  the r a d a r  were w e l l  c a l i b r a t e d ,  
and no range  bias e s t i m a t i o n  were n e c e s s a r y ,  
One c r u c i a l  i t e m  r e a u i r e d  i n  t h i s  i s  approach 
t o  s h i p  p o s i t i o n i n g  i s  an independent  s o u r c e  of 
r e l a t i v e  p o s i t i o n .  The use  of a c o u s t i c  t r anspon-  
d e r s  f o r  t h i s  purpose  should  be adequate  s o l u t i o n  
under t h e  same c o n d i t i o n s .  
47 
6 .  A comparison of SINS positions with LORAC 
and acoustic transponder positions should 
help to more clearly identify the magnitude 
and form of SINS errors. 
7. The preliminary analyses of the Bahama 
experiment should be expanded to incorporate 
the use of acoustic transponder data.and SRN-9 
positions, and future experiments planned util- 
izing the radar calibration information gained 
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APPENDIX A 
SHIP DATA TRANSFORMATIONS FOR 
MOVING TRACKER IMPLEMENTATION 
Let Xo be the coordinates of the radar relative to 
a ship origin which should be the center of rotation of 
the ship. This may be closely approximated by the SINS 
binnacle. The coordinate system assumed is X toward 
the bow, Y to starboard, and Z up. 
Let us rotate these coordinates into an (ENV) sys-  
tem which has the X axis east, Y north, and Z up.' This 
transformation is for roll, pitch, and heading. 
It is more convenient to derive the inverse trans- 
formation of heading, pitch, and roll. The heading trans- 
formation is a rotation about the Z axis by an amount 
A -  IT/^ in the negative direction, where A is the heading 
(or azimuth), 
r =  
'cos(A - n / 2 )  -sin(A - n / 2 )  0 
sin(A - 1r/2) COS(A - n / 2 )  0 








The pitch transformation is then a rotation through an 
angle P about the Y axis in the positive direction 





Finally, the roll transformation is a rotation about the 
X axis in the positive direction, 
1 0 
0 cosn 




The transformation from ENV coordinates to local ship 
coordinates is then accomplished by the product of these 
transformations, RPr. Conversely, the inverse transfor- 




In our case, Xlocal is X o ,  the radar coordinates. 
A- 2 
~~ 
( A - 3 )  
. 
The t r a n s f o r m a t i o n  t o  ECF . ( e a r t h - c e n t e r e d  f i x e d )  
c o o r d i n a t e s  i s  made through t h e  r e l a t i o n s  
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T = ( R X )  [TX + ( R P r )  X o  
These c o o r d i n a t e s  a r e ,  of  course ,  a f u n c t i o n  o f  time 
because + and h a r e  f u n c t i o n s  of time. RX and TX a r e  
g iven  by t h e  e q u a t i o n s :  
TX = 
0 
2 2  - a  e e 2  s i n +  cos4 /{ l -e  s i n  $ 
2 2  a 4 1 - e  s i n  4 + H e 
- 
- s inh - s i n $  cosX cos$ cosh 
RX = - s i n +  s i n h  cos+  s i n h  
where 
a = semi-major axis  of  the e a r t h  
e = e c c e n t r i c i t y  of t h e  e a r t h  
+ = g e o d e t i c  l a t i t u d e  
A = g e o d e t i c  l ong i tude  
e 
(A- 5 )  
A - 3  
I t  seems r easonab le  t o  assume t h a t  t h e  change i n  
@ and A from t h e i r  v a l u e s  a t  some epoch t ime i s  indepen-  
den t  of t h e  i n i t i a l  v a l u e s  of @ and A .  That i s ,  l e t  
A = A + A h  
0 
w i t h  A @  and A A  independent  of 9, and A o .  
A l s o ,  we would assume 
Ho H =  
s i n c e  we ha rd ly  have any o t h e r  cho ice  u s i n g  SINS d a t a .  
For program implementa t ion ,  however, i t  i s  most 
convenient  t o  assume t h a t  A @  and Ah a r e  e q u i v a l e n t  t o  a 
change i n  e a r t h  c e n t e r e d  f i x e d  c o o r d i n a t e s ,  which i s  
independent  of  $ J ~  and A o .  
which should be made. I t  r e q u i r e s  t h a t  t h e r e  be a s s o -  
c i a t e d  wi th  each d a t a  p o i n t  a change i n  e a r t h  c e n t e r e d  
c o o r d i n a t e s  f o r  t h e  r a d a r .  These c o o r d i n a t e s  may be 
p l aced  on t h e  d a t a  c a r d s  a s  f o l l o w s :  
Th i s  i s  t h e  i n i t i a l  assumption 
( A - 7 )  
(A: 8 )  
. 
A - 4  
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PROPAGATION OF ERRORS IN AN INERTIALLY GUIDED 
SURFACE VEHICLE WITH APPLICATION TO TRACKING 
SHIP ERROR REDUCTION 
SECTION 1.0 
DERIVATION OF SINS ERROR EQUATIONS 
1.1 INTRODUCTION 
In this section, the equations of error propagation 
are developed for a local level inertial navigator. The 
equations are then simplified and the growth of error 
is obtained for the linearized case. The use of vehicle 
trajectory to reduce error growth is presented by com- 
paring the errors obtained for rectilinear versus circu- 
lar motion. 
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1 . 2  FUNDAMENTAL ERROR ANALYSIS EQUATIONS 
FOR SURFACE INERTIAL NAVIGATION SYSTEMS 
The fo l lowing  s e t  of  e q u a t i o n s  d e f i n e s  t h e  l i n -  
e a r i z e d  dynamics o f  i n e r t i a l  n a v i g a t o r  e r r o r s  i n  terms 
o f  ground-speed v e l o c i t y  and p o s i t i o n  v e c t o r s .  The space  
f i x e d  r e s u l t s  can  be o b t a i n e d  by s e t t i n g  t h e  a n g u l a r  r a t e  
v e c t o r s ,  51 and t o  z e r o .  
- 
- - 3, = $ x ( a + p ) + E  
- 
J, - a v e c t o r  r e p r e s e n t i n g  t h e  i n f i n i t e s i m a l  
r o t a t i o n  from computer t o  p l a t f o r m  axes  
- 
51 - e a r t h  r a t e  v e c t o r  
- 
P - commanded p l a t f o r m  t o r q u i n g  r e l a t i v e  t o  
e a r t h  f i x e d  b a s i s  
- Ground-speed e r r o r  i n  e a r t h  f i x e d  base  €V 
g 
- 
Ea - v e c t o r  made up of s o u r c e s  of  a c c e l e r a t i o n  
measurement e r r o r  
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- 
eg - a c c e l e r a t i o n  error v e c t o r  caused by e r r o r  
i n  computing 
- 
R - p o s i t i o n  v e c t o r  i n r i d e a l  p l a t f o r m  b a s e  
- 
E - d r i f t  r a t e  o f  p l a t f o r m  r e l a t i v e  t o  computer 
axes .  
Equat ion  (1) shows the  t o t a l  d r i f t  r a t e  i s  due t o  
app ly ing  t h e  t o t a l  t o r q u r i n g  r a t e  (a+?) abou t  misa l igned  
axes  p l u s  t h e  c o n t r i b u t i o n  of gyro d r i f t .  The a c c e l e r a -  
t i o n  e q u a t i o n  and ve loc iPy  e q u a t i o n  a r e  o b t a i n e d  by 
s t r a i g h t f o r w a r d  p e r t u r b a t i o n  of  t h e  v e c t o r  e q u a t i o n s  
f o r  ground speed and a c c e l e r a t i o n .  
Note t h a t  t h e  above e q u a t i o n  i s  w r i t t e n  i n  terms 
of  the i d e a l  p l a t f o r m  a n a l y s i s  which are r o t a t i n g  i n  
i n e r t i a l  space  a t  a ra te  of ( f i + p ) .  
The a c c e l e r a t i o n  measurement v e c t o r  can  be f u r t h e r  
broken down i n t o  t h e  fo l lowing  components. 
- 
e a  = 6 + [ K ]  KT + AT x 7 
where 
6 i s  the v e c t o r  of b i a s  terms 
[ K ]  i s  the d iagona l  s c a l e  f a c t o r  e r r o r  m a t r i x  
xT i s  measured a c c e l e r a t i o n .  
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S i m i l a r l y  can  be d e f i n e d  as: 
8 8 8 . 
Residual  D r i f t  
Mass Unbalance 
Drift  
; i A  $SA 
A n i s o e l a s t i c  
Drift 
 AN 
Sca le  F a c t o r  
E r ro r  
[C 1 
This  d r i f t  r e p r e s e n t s  t h e  un-  
c e r t a i n t y  i n  t h e  s t r a y  gyro 
t o r q u e s  which can n o t  be c a l i -  
b r a t e d  o u t .  
A mass unbalance about  t h e  o u t -  
p u t  a x i s  w i l l  produce a t o r q u e  
p r o p o r t i o n a l  t o  t h e  a c c e l e r a -  
t i o n s  a long  t h e  i n p u t  and s p i n  
axes .  
r e f e r  t o  d r i f t s  caused by mass 
unbalance  a long  t h e  i n p u t  a x i s  
and s p i n  a x i s  r e s p e c t i v e l y .  
8 '  
The terms b,, and $SA 
Th i s  gyro d r i f t  i s  produced by 
t h e  unequal  d e f l e c t i o n  of t h e  
f l o a t  and i s  p r o p o r t i o n a l  t o  
t h e  p roduc t  of  a c c e l e r a t i o n s  
a long  t h e  s p i n  and i n p u t  a x e s .  
The u n c e r t a i n t y  i n  t h e  gyro 
t o r q u i n g  s c a l e  f a c t o r  produces  
t h i s  e r r o r  f o r  gy ros  t h a t  a r e  
to rqued  d u r i n g  n a v i g a t i o n .  [ C ]  
i s  assumed d i a g o n a l .  
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The most  d i r e c t  method of hand l ing  t h i s  system of 
l i n e a r  e q u a t i o n s  is through t h e  u s e  of t h e  s t a t e  t r a n s i -  
t i o n  m a t r i x  concep t .  The s t a t e  t r a n s i t i o n  m a t r i x  approach 
s i m p l i f i e s  t h e  necessa ry  computa t iona l  bookkeeping and 
p r e s e n t s  t h e  e q u a t i o n s  i n  a form f a v o r a b l e  t o  a c c u r a t e  
i n t e g r a t i o n  by d i g i t a l  computer methods. A few mathe- 
m a t i c a l  p r e l i m i n a r i e s  a r e  i n  o r d e r :  
- 
k = [A] (Equat ions of S t a t e )  
where e q u a t i o n  (4 )  r e p r e s e n t s  v e c t o r  shor thand  f o r  equa- 
t i o n s  (1) th rough ( 3 )  and [ + ]  i s  t h e  s t a t e  t r a n s i t i o n  ma- 
t r i x .  Note t h a t  [A] may be t ime v a r y i n g .  Equat ion (6) 
r e p r e s e n t s  t h e  response  of t h e  homogeneous equa t ion  s t a t e d  
i n  ( 4 )  t o  i n i t i a l  c o n d i t i o n s .  An a p p r o p r i a t e  example o f  
t h e  s t a t e  t r a n s i t i o n  mat r ix  approach t o  i n e r t i a l  naviga-  
t i o n  e r r o r  a n a l y s i s  i s  p re sen ted  i n  t h e  fo l lowing  formula-  
t i o n  of t h e  equa t ions  of s t a t e  f o r  a l o c a l  l e v e l  i n e r t i a l  
n a v i g a t o r .  The equa t ions  g iven  u t i l i z e  t h e  fo l lowing  
assumpt ions :  
0 Gyro and acce lerometer  axes  a r e  c o i n c i d e n t  
w i t h  each o t h e r  and a r e  o r thogona l  i n  a 
l o c a l  l e v e l  mechanizat ion.  
0 E r r o r s  caused by in s t rumen t  misal ignment  
and g y r o  a n i s o e l a s t i c i t y  a r e  n e g l i g i b l e .  
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0 The instrument axes are coincident with 
the ideal  l o c a l  l e v e l  navigation axes.  
None o f  these assumptions are particularly r e s t r i c t i v e  
and could e a s i l y  be waived a t  the expense of a more 
complicated s e t  o f  equations. 
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EQUATIONS OF STATE FOR LOCAL LEVEL 
NAVIGATOR ERROR MODEL 
0 
3x6 
sxs 3x3 5x21 
[ ' 11:; :z -:j [ Iz -:' [ 0 ] [ I ] IAx Ay ]
Y Ax 3x12 3x3 *z 
w -Wx - A  
0 1 A, Ax 
Ay 




. .  
n - n + p  
Figure B-1. , 
The l a s t  1 8  e q u a t i o n s  r e p r e s e n t  t h e  mathematical  fo rma l i sm 
f o r  c o n s t a n t  b u r c e s  of e r r o r .  A l t e r n a t i v e l y ,  i f  we view 
t h e  e r r o r  sou rces  from a s t o c h a s t i c  v iewpoin t ,  t h e  v a r i -  
ance of, t h i s  s e t  o f  v a r i a b l e s  i s  f i x e d  w i t h  r e s p e c t  t o  
t ime.  
[ I 3 r e p r e s e n t s  an i d e n t i t y  ma t r ix  of 
nxm o r d e r  nxm 
[ 0 3 r e p r e s e n t s  a n u l l  m a t r i x  of  dimension 
nxm nxm 
[ G ] i s  t h e  ma t r ix  of g r a v i t y  p a r t i a l  
d i f f e r e n t i a l s .  
The X, Y and Z components g iven  i n  t h e  m a t r i x  
e q u a t i o n  r e f e r  t o  t h e  two l e v e l  c o o r d i n a t e s  which a r e  
a r b i t r a r i l y  o r i e n t e d  and t h e  Z a x i s  which i s  d i r e c t e d  
along t h e  g e o d e t i c  z e n i t h  ( l o c a l  v e r t i c a l ) .  
B- 8 
1 . 3  IMPLEMENTATION OF THE GENERAL SOLUTION FOR 
PROPAGATION OF ERROR 
0 Propagat ion  of E r r o r  
The m a t r i x  e q u a t i o n  g i v e n  i n  ( 5 )  can  b e  u t i l i z e d  
d i r e c t l y  i n  t h e  s o l u t i o n  f o r  [ $ ( t , t o ) ] ,  where [ $ ( t , , t o ) ]  = 
[I], each element of t h e  (p m a t r i x  r e p r e s e n t i n g  t h e  r e -  
sponse of one s t a t e  v a r i a b l e  t o  a s i n g l e  i n i t i a l  condi -  
t i o n .  The d a t a  r e q u i r e d  f o r  s o l u t i o n  a r e :  
0 P r o f i l e s  of t h e  nominal t r a j e c t o r y ,  
t h r u s t  a c c e l e r a t i o n ,  v e l o c i t y  and 
p o s i t i o n .  
0 Estimates  ( cova r i ance  m a t r i x )  of t h e  
i n i t i a l  p o s i t i o n ,  v e l o c i t y  and tilt 
e r r o r s  as w e l l  a s  t h e  gyro and 
acce lerometer  c o e f f i c i e n t s .  
The former could  be o b t a i n e d  from e i t h e r  a s c i e n -  
t i f i c  s i m u l a t i o n  of t h e  t r a j e c t o r y  o r  from r e a l  d a t a  
taken  i n  an o p e r a t i o n a l  environment.  
v a r i a b l e s  a r e  dependent upon t h e  u n c e r t a i n t y  of c a l i -  
b r a t i o n  al ignment  and f i x  t a k i n g  a s  w e l l  a s  s t a t i s t i c a l  
measurements of ins t rument  performance. 
The l a t t e r  s e t  of 
I f  t h e s e  d a t a  a r e  a v a i l a b l e  t h e  s t a t e  t r a n s i t i o n  'ma t r ix  
i s  i n t e g r a t e d  u s i n g  t h e  t r a j e c t o r y  f o r c i n g  f u n c t i o n s ,  
computed from a c c e l e r a t i o n  p o s i t i o n  and angu la r  r a t e .  
The e s t i m a t e d  v a l u e s  o f  t h e  e r r o r  v a r i a b l e s  a r e  formula ted  
a s  a cova r i ance  m a t r i x  having d i agona l  form i f  t h e  r a n -  
dom v a r i a b l e s  of t h e  system a r e  independent  o r  i f  t h e  
in te rdependence  is unknown. The cova r i ance  m a t r i x  of 
t h e  e r r o r  i s  then  p r o j e c t e d  forward i n  t ime by t h e  r e l a t i o n :  
< 
(\ 
I n  a d d i t i o n ,  one may u s e  the [ 9 ]  t o  p ropaga te  d e t e r -  
m i n i s t i c  e r r o r s  forward i n  t ime i n  t h e  fo rm g iven  i n  
e q u a t i o n  ( 6 ) .  
0 V e r t i c a l  Channel S t a b i l i z a t i o n  
As g iven  i n  t h e  p receed ing  m a t r i x  d e f i n i t i o n s ,  t h e  
n a v i g a t i o n  e r r o r  e q u a t i o n s  a r e  incomple te .  I n  t h e i r  
p r e s e n t  form, t h e  e r r o r  equa t ions  f o r  v e r t i c a l  a r e  i n -  
h e r e n t l y  u n s t a b l e ,  t h e  v e r t i c a l  channel  f i r s t  o r d e r  p e r -  
t u r b a t i o n  dynamics having t h e  form o f  (S2 - 2g0/Ro) where 
S i s  the Laplace Opera tor  v a r i a b l e .  T h e r e f o r e ,  a l l  l o -  
cal  l e v e l  i n e r t i a l  n a v i g a t i o n  s e t s  have an a u x i l i a r y  
s e n s o r  and e q u a t i o n s  t o  s t a b i l i z e  t h e  v e r t i c a l  v e l o c i t y  
and p o s i t i o n .  Normally, t h i s  c o n s i s t s  of a b a r o m e t r i c  
o r  r a d i o m e t r i c  a l t i m e t e r .  
The e x t e r n a l  d a t a  i s  mixed w i t h  t h e  i n e r t i a l  d a t a  
i n  t h e  form of a l i n e a r  f i l t e r  network,  t h e  c o e f f i c i e n t s  
o f  which a r e  chosen t o  reduce  t h e  e r r o r  bounds t o  optimum 
l i m i t s .  T y p i c a l l y ,  such  an e q u a t i o n  would have the form: 
A 
+ {{Az d t  + f G(RZ) d t  
B - 1 0  
where 
A 
- is the sum of externally derived altitude 
RZ 
and the earth's radius vector 
- 
RZ - compensated value of position component 
in vertical direction 
- derivative of with respect to ideal 
platform basis 
vZ 
al,a2 - constant coefficients of compensation 
loop 
- gravitational acceleration computed h 
G (RZ) 
from external measurements of altitude. 
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1.4 SIMPLIFICATION OF THE ERROR EQUATIONS 
If we cons ide r  a s i m p l i f i e d  model of t h e  e r r o r s  
due t o  g r a v i t y ;  
- - 
Gx - ' Eg, = G X * &  Rx 
= G * E R  
Y Y G = g  ' E  Y O'R gx 
9 Eg, = G - E  R G = -2g  Z O / R  z z 
which n e g l e c t s  a l l  terms of o r d e r  g r e a t e r  t han  one. D i f -  
f e r e n t i a t i n g  ( 3 )  w i t h  r e s p e c t  - t o  t h e  i d e a l  frame we have ,  
8 
a f t e r  s u b s t i t u t i n g  f o r  EQ and EV 
g 
I f  w e  assume t h a t  & R Z  and dZ a r e  p e r f e c t l y  c o n t r o l l e d  
by t h e  e x t e r n a l  d e v i c e  p r e v i o u s l y  d i s c u s s e d  and sub-  
s t i t u t i n g  Ws ' = g/, (Schuler  f r equency)  we have f o r  
t h e  h o r i z o n t a l  channel  e r r o r s :  
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2 .. 
E Rx + [ ( W x  + Qx) p, + Ws2 + Q - W 2 ]  &RX 
2 .. 
Y 
E R + [ ( W y  + Qy) py + W s 2  + G! - W']E R 
Y 
s i n c e  f o r  a l l  s u r f a c e  v e s s e l s ,  W i s  between one t o  two 
l e v e l s  of magnitude g r e a t e r  t h a n  W 2  and t h e  
coup l ing  between t h e  two axes can  b e  s e e n  t o  be r a t h e r  
weak s i n c e  p and b a r e  q u i t e  small ,  t h e  h o r i z o n t a l  
e q u a t i o n  reduces  t o  t h e  fo l lowing  f o r  t h e  Free Azimuth 
(Wz = 0 )  c a s e :  
S 
&RX = bx+ Kx Ax + JI A - JI, AZ (8') 
2 .. 
E Rx + Ws 
Z Y  
I n  terms of Laplace Transforms, t h e  above equa- 
t i o n s  can  be r ea r r anged  t o  show t h e  l l s h o r t  term" (a few 
hours )  e r r o r  response  t o  the  most impor t an t  i n p u t   types.^ 
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e Response t o  Gyro Bias E r r o r  
E Rx(S) = Ay(S) - 
(S2 + WS2) s 2 2  (S2 + ws ) s 
a 
$ 2 0  +xo 
E Ry(S) = Ax(S)  + 
(S2  + ws 2 ) s 2 (S2  + ws ) s 
where the  c r o s s  coup l ing  terms i n  e q u a t i o n  (1)  are con- 
s i d e r e d  n e g l i g i b l e  and A Z  2 1g I .  
L a  P l a c e  Transforms of  t h e  a c c e l e r a t i o n  p r o f i l e s .  
Ax(S), A (S) a r e  t h e  * 
Y 
0 Response t o  I n i t i a l  T i l t  E r r o r  
E Rx(S) = Ay(S)  - 
s2 + ws 2 (S2 + WS2) s 
E Ry(S) = Ax(S)  + 
2 (S2 + ws ) s 2 s2 + ws 
€3- 14 
~~ 
0 Response to Accelerometer Bias Error 
- 
E: Rx 
S(S2 + W S 2 )  
e R  = Y 
S ( S 2  + WS2) 
0 Response to Initial Velocity Error 
vox - E Rx - 
2 s2 + ws 
V 
OY 
E R  = 




Gyro S c a l e  F a c t o r  E r r o r  
Same form as gyro b i a s  e r r o r  excep t  t ha t  
is r e p l a c e d  by Cz Wz $xo i s  r e p l a c e d  
by C, W, and $I 
a 
$ Z O  
i s  r e p l a c e d  by C W 




of  I n i t i a l  Heading E r r o r  
where 
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I .  
E r r o r  Source 
Gyro Bias 
1 . 5  CHOICE OF TRAJECTORY TO M I N I M I Z E  ERROR 
PROPAGATION 
The s i m p l i f i e d  equa t ions  o b t a i n e d  i n  the p r e v i o u s  
s e c t i o n  show t h a t  f o r  c o n s t a n t  e r r o r  s o u r c e s  and s t e p  
a c c e l e r a t i o n ,  t h e  e r r o r  has  the  form of a s i n u s o i d  p l u s  
a c o n s t a n t ,  and i s  t h e r e f o r e ,  bounded f o r  a l l  e r r o r s  
excep t  gyro d r i f t  e r r o r  and gyro s c a l e  f a c t o r  e r r o r .  
A b r i e f  t a b l e  of p o s i t i o n  e r r o r  f o r  s t e p  i n p u t  e r r o r  
s o u r c e s  i s  g iven  below. 
TABLE I 
ERROR PROPAGATION FOR 
STEP ACCELERATION 
Gyro Sca le  F a c t o r  
Accelerometer  Bias  
I n i t i a l  T i l t  
* V e l o c i t y  
Heading 
Form of E r r o r  
1 = K l o ( t  - - s i n  W s t )  E R  
X , Y  wS 
1 = K z o ( t  - w s i n  Wst) 
E Rx,Y S 




= K40(1 - COS Wst) 
E = K s o ( l  - COS WSt) 
- t  $zo E R  = v  X , Y  Y ,X 
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TABLE I (Cont.) 
where 
2 
K30 = b  x , y l W s  
2 
- 
+ @y,xo  8 )  / ws A 
- 
K40 @zo x , y  
Note t h a t  t h e  e r r o r s  caused by gyro b i a s  and heading 
e r r o r  a r e  n o t  bounded i n  t i m e  and r e p r e s e n t  t h e  wors t  c l a s s  of 
e r r o r s .  Cons idera t ion  of t h e  coupl ing  terms i n  t h e  4 e q u a t i o n  
which are ignored h e r e ,  would worsen t h e  s i t u a t i o n  
s i n c e  i n  t h e  W x v terms t h e  f i r s t  term i s  a f u n c t i o n  
X , Y  
of v e l o c i t y  o v e r - t h e  e a r t h ' s  s u r f a c e .  
t h i s  e f f e c t  w i l l  be  lumped wi th  un€orced gyro  d r i f t .  
For t h e  p r e s e n t ,  
I t  i s  c l e a r ,  i n  any case, t h a t  t h e  a p p l i c a t i o n  
of a c o n s t a n t  a c c e l e r a t i o n  s t e p  i s  t o  be avoided s i n c e  
t h e  r e s u l t a n t  e r r o r  i s  unbounded. The re fo re ,  t r a j e c t o r i e s  
o t h e r  t h a n  s t r a i g h t  l i n e  motion should  be cons ide red  i f  
v e h i c l e  motion i s  used t o  minimize system e r r o r .  
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0 C i r c u l a r  P a t h  Motion 
I f  t h e  v e h i c l e  fo l lows  a t - g h t  c i r c u l a r  p a t h  a t  
f a i r l y  low ( s u r f a c e  s h i p )  v e l o c i t y ,  t h e  a c c e l e r a t i o n  
p r o f i l e  can b e  g iven  by 
AWN - (A/WN) 
; v =  
2 2 2 2 X 
N s + WN s + w  
AS -A  
2 2 s + WN 2 s2 + WN 
where t h e  s h i p  i s  assumed p o i n t i n g  a t  X a t  to, t h e  
a c c e l e r a t i o n  magnitude i s  assumed c o n s t a n t  and p e r i o d  
. 
of one c y c l e  is -. 2T 
wN 
Applying t h i s  a c c e l e r a t i o n  p ro -  
f i l e  t o  t h e  e q u a t i o n s ,  we have t h e  i n t e r e s t i n g  re- 
s u l t s  of Table  11. 
Gyro Bias 
TABLE I1 
ERROR PROPAGATION FOR 
SINUSOIDAL ACCELERATION 
1 1 
“Rx = Kll  ( -  s i n  W N t  - - s i n  W s t  
wN wS 
1 (t - ., sin Wst 1 + K 1 2  




t - - sinw t) 
S 
wS 
+ K12 ( 
Initial Tilt 
€RX = K 4 1 [ ~ ~ ~ W N t  - C O S W ~ ~ )  
+ K42(1 - COS Wst) 
#N 
wS 
ER = K ( s i n  WNt - - s i n  Wst) 41 Y 
+ K42 (1 - COS Wst) 
i z o  A - 
K1l 2 2 
'N - 's 
A qzo - 
2 K41 - 
WN2 - w S 
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I n i t i a l  Heading E r r o r  
(1 - c o s  WNt) - €RX - - 
wN 
CR = f W  2 s i n  W N t  . 
Y N 
A s u b s t a n t i a l  degree  of improvement i n  t h e  e r r o r  growth 
i s  shown f o r  t h e  p o r t i o n  of t h e s e  t h r e e  terms which are 
c o n t a i n e d  i n  t h e  g e n e r a l  c l a s s  of  p o s i t i o n  e r r o r s  induced 
by f a u l t y  heading r e f e r e n c e .  C l e a r l y ,  a c i r c u l a r  p a t h  
i s  p e r f e r a b l e  t o  a r e c t i l i n e a r  one when t h e  l o c a t i o n  of 
t h e  v e s s e l  become secondary t o  t h e  r e d u c t i o n  of  e r r o r  
growth. Other  t r a j e c t o r i e s ’  cou ld ,  f o r  a g iven  c o n f i g u r a -  
t i o n ,  produce more optimum r e s u l t s  b u t  more in fo rma t ion  
about  t h e  i n e r t i a l  n a v i g a t o r  would be r e q u i r e d  b e f o r e  
t h e  more d e t a i l e d  computation r e q u i r e d  would be worthwhile .  
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SECTION 2.0 
SHORT PERIOD ERROR ANALYSIS OF A TRACKING SHIP 
INERTIAL NAVIGATOR FOR TWO TYPES OF MANEUVERS 
2.1 INTRODUCTION 
The error analysis equations for the decoupled, 
linearized horizontal channels of a local level inertial 
navigation set are utilized in this section to determine 
the 'following for two types of between pass maneuvers: 
0 Determination of the form of error growth 
for a velocity and position errors in each 
channel 
0 Computation of the error propagation produced 
by each error source for a given type of 
maneuver using "typical" magnitudes of error. 
o Comparison of the relative merit of the cruise 
maneuvers. 
The maneuvers referred to in the above describe the 
motion of the tracking ship during a two hour period between 
pass tracking intervals. 
sidered are: 
The two classes of maneuvers con- 
Case A - Constant Heading, Unaccelerated Motion 
Case B - Circular Motion. 
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ASSUMPTIONS AND APPROXIMATIONS 
The linear uncoupled error equations for the horizontal 
channels of an inertial navigator are utilized throughout. 
The vertical channel error is assummed arbitrarily small 
and uncoupled with respect to the horizontal channels. 
The magnitudes for the error sources used in this report 
are of necessity, somewhat arbitrary, but represent rea- 
sonable estimates of the state-of-the-art instrument error 
budgets and "best guesses" for the initial velocity and 
platform tilt errors. 
Error Source Magnitudes 
Gyro Bias .03'/hr. 
Accelerometer Bias 1.0 
Initial Tilt 100 G c  
Velocity . 2  Kts . 
These errors are assumed independent and are the same magni- 
tude for both channels. The effect of gyro torquer error 
and the error induced by torquing the misaligned platform axes 
is lumped in with the residual gyro bias term (.03O/hr.) 
Acceleration induced gyro drifts, accelerometer misalignments 
and all other sources of error are considered second order 
terms for the purpose of this study and are ignored in 
the analysis. r 
The instrument axes (gyro and accelerometer) are assumed to 
be orthogonal collinear, and nominally oriented along the 
computational X-Y axes direction shown below: 
X 
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Case A - Unaccelerated Constant Heading 
- 10 Kts. V~~~ 
Heading - Positive Y Direction 
X 
0 + O  
1 2 
Position@ represents initial position and @)is 






- @ y o  g 
2 ws WS 
e R  = 
;IC 
(t - - 1 sinwst) 
Y € R  
. 
@xo' 8 1 ,(t - 7 sinwst) 
2 wS 
wS 
* t  
Z O  
eRX = Vo 
E R  = 0 Y 
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I n i t i a l  T i l t  E r r o r  
Accelerometer  Bias  E r r o r  




ER = - s inW, t 
wS 
Y 
For Case A t h e  form o f  e r r o r  p ropaga t ion  i s  then  
where t h e  c o e f f i c i e n t s  A,B,C and $ depend on t h e  manner i n  
which t h e  e r r o r s  combine t o g e t h e r .  Note t h a t  on ly  
gyro  b i a s  and heading e r r o r  c o n t r i b u t e  t o  t h e  unbounded 
e r ror .  A p l o t  of t h e  magnitude o f  e r r o r  f o r  t h e  X 
channel  i s g i v e n  i n  F igure  1 f o r  t h e  assumed v a l u e s  of 
d r i f t ,  b i a s  and tilt given p r e v i o u s l y .  
B-25 
= 1 0  K t s  vO 
0 
.03'/hr - 4x0 ,yo 
4x0 ,yo 
4zo - JIZO 
EVx,y 
= 1 0 0  S T C  
0 - 
= 1 0 0  s e c  - 
- 4  = 1 . 0  x 1 0  g 
X , Y  
b 
. 2  K t s  - 
The corresponding equa t ions  are g iven  i n  Table  B - 1  
TABLE B - 1  
X CHANNEL ERRORS FOR CASE A MANEUVERS 
Gyro Bias E r r o r  = 1.83 (t + . 4 1  sin (4 .46 t ) )  
!-leading E r r o r  = 4.84 t 
P l a t f o r m  T i l t  E r r o r  = 1.66 (1 - COS ( 4 . 4 6 t ) )  
Accelerometer Bias  E r r o r  = .344 (1 - COS (4.46 t ) )  
.0445 s i n  (4 .46t  - I n i t i a l  V e l o c i t y  E r r o r   
where t h e  e r r o r  above is expce,ssed i n  n a u t i c a l  miles 
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Case B - Uniform C i r c u l a r  Motion 
= 1 0  K t s  V~~~ 
= 2 9 . 3 3 4  r a d / h r  wN 
= VNoM s i n  W N t  Y V 
WN V~~~ s i n  W N t  
AX 
cos  W N t  0 *Y = WN v~~~ 
I t  i s  appa ren t  t h a t  t h e  acce le romete r  b i a s  and i n i t i a l  
v e l o c i t y  e r r o r s  a r e  t h e  same a s  f o r  t h e  p rev ious  c a s e .  
The gyro b i a s  and i n i t i a l  tilt c o n t r i b u t i o n s  each  have 
an a d d i t i o n a l  term produced by t h e  r o t a r y  a c c e l e r a t i o n  
and the heading e r r o r  term i s  comple te ly  d i f f e r e n t .  
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Error Source 
'NOM Q Zo 
'N 2 - 's 2 
- 
Gyro Bias 
2 WN2 - ws wN 
's2'N wS 
- - cosWst 
Position Error 
1 
I 1  
I + .N =OsWNt L 
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The a d d i t i o n a l  terms produced by t h e  c i r c u l a r  motion and 
consequent  a c c e l e r a t i o n  a r e  g iven  i n  Table  I1 w i t h  numeri-  
c a l l y  eva lua ted  c o e f f i c i e n t s  f o r  the g iven  v a l u e s  of e r r o r  
terms and speed.  A p l o t  of t h e s e  v a l u e s  over  a two hour 
i n t e r v a l  i s  g i v e n  i n  F igu re  B - 3 .  Most n o t a b l y ,  t h e  a d d i -  
t i o n a l  errors i n  gyro b i a s  and p l a t f o r m  tilt  a r e  ve ry  
s m a l l  i n  comparison t o  t h e  g r a v i t y  induced t e rms .  The 
heading e r ror  i s  reduced by an o r d e r  of magnitude f o r  t h e  
c i r c u l a r  motion c a s e ,  b u t  f o r  t h e  v e l o c i t y  and heading 
. e r r o r  magnitudes cons ide red ,  t h i s  term i s  q u i t e  s m a l l .  
Thus, u n l e s s  t h e  heading e r r o r  magnitude i s  much g r e a t e r  
t h a n  t h a t  u t i l i z e d  h e r e .  The growth of  e r r o r  i s  e s s e n t i a l l y  
t h e  same f o r  t h e  two types  of  maneuvers c o n s i d e r e d .  
I f ,  however, a s i g n i f i c a n t  deg ree  o f  u n a n t i c i p a t e d  s h i p ' s  
a c c e l e r a t i o n  occurs  t h e  c i r c u l a r  maneuver would be s u p e r i o r  
s i n c e  some c a n c e l a t i o n  of t h e  e f f e c t s  of t h e  p u l s e s  can 
be expec ted .  
A, t h e  r e s u l t a n t  a d d i t i o n a l  e r r o r  terms a r e :  
F o r  each a c c e l e r a t i o n  impulse of magnitude 
Gyro Bias 
* A  
X S Y  3 
- %o y , x  (1 - C O S W S t )  
ER" - 
Pla t form T i l t  
A %o y , x  
ER" - s inWs t 
X , Y  
. 
Platform Tilt 
1 - 4y0 
wS 
2 (1 - coswst 
€Rx - + 
C0SWNt - cosWst 1 
4x0 g 
(1 - c0swst) 
+ eR E Y 
wN 
sinWnt - - 
wS 
* g  -4xo 
2 2 
'N - 's 
Heading Error 
'NOM 
€Rx = - 
wN 
JI,, (1 - C0SWNt 
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TABLE B-2 
CIRCULAR MOTION INDUCED ERRORS 
IN X AND Y CHANNELS 
Gyro Bias Error sRi = 1.58 xlO-’ sin(18.8t) 
- 6.62 x lo-’ s i n  (4.46t) 
ER’ = 1.49 xlO-’ - 6.68 xlO-’ 
cos(4.46t) 
+ .84 xlO-’ cos(18.8t) 
Platform Tilt Error ER’ = 2.73 x (cos(18.8t) - 
X cos(4.46t)) 
ER’ = 2.73 x (sin(18.8t) -- 
4.42 sin(4.46t)) 
Heading Error ER; = 2.58 x ~ O - ~  (1 - cos(18.8t)) 
ER’ Y = 2.58 x ~ O - ~  s i n  (18.8t) 
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SECTION 3.0 
SHORT PERIOD ERRORS FOR A 
DAMPED INERTIAL NAVIGATOR 
3 . 1  INTRODUCTION 
The damping of a marine inertial navigation system by means . ,  
of an external source is generally accomplished by subtracting 
the reference velocity from the SINS velocity and adding the 
filtered difference to the measured acceleration as a correction. 
In terms of the short period error model, this amounts to provid- 
ing negative feedback, i.e., damping for the error term at the 
expense of introducing a new error source. The filter used for 
the .damping is considered a gain in the following which is con- 
sistent with the level of approximation implicit in the short 
term error model. 
3 . 2  DAMPED INERTIAL NAVIGATOR ERROR EQUATIONS 
bx + KxAx 
2 - E Rx + Kl&Rx + Ws&Rx - 
.. 
b + K A  - 2 
.. 
Y 1 Y  Y Y Y Y  ER + K ER + WssR 
- QzAy + JlXAZ 
+ K 6V 1 yr . 
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l 
a r e  
and 
t i o n  
The s h o r t  p e r i o d  e r r o r s  produced by t h e  damped sys tem 
shown i n  t h e  f o l l o w i n g  f o r  t h e  x channel  i n  F igu re  €3-4 
i n  t h e  e q u a t i o n s  below based upon t h e  fo l lowing  assump- 
s and approximat ions .  
1) The v e h i c l e  i s  a s lowly  moving l o c a l  l e v e l  sys tem,  
such t h a t  t h e  h o r i z o n t a l  (x ,y)  channels  a r e  
uncoupled and independent .  
2 )  For t h e  time i n t e r v a l  o f  i n t e r e s t  t h e  e f f e c t  o f  
t h e  e a r t h ’ s  r o t a t i o n  is n e g l i g i b l e .  
/ 
x i n t e g r a t i n g  
acce le romete r  -
b, - b i a s  e r r o r  E: Rx - V e l o c i t y  e r r o r  . 
- p l a t f o r m  tilt about y a x i s  E Rx - P o s i t i o n  e r r o r  $Y 
c - gyro d r i f t  about  y a x i s  K1 . - Damping g a i n  Y 
6VkX - V e l o c i t y  r e f e r e n c e  e r r o r  
i n  x d i r e c t i o n  
FIGURE B - 4 ;  . X CHANNGL ERROR MODEL 
X Channel E r r o r s  
0 GYRO D r i f t  
0 Pla t form T i l t  
+Y 
&RX - 
0 Veloc i ty  E r r o r  
- (‘K1/2) t 
- (1 - -1 K: / w, * e  s i n  W i t  
3 
s i n  (Vi; t )  (1 - e -‘“/i’t(cos (Wit) + - K1 
zw; 
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0 Accelerometer Bias 
- where ws g/R Schuler frequency 
- 2 K i  
w; 4 (Ws - - ) 1/2 Reduced Schuler frequency 
- 8 Y gyro d r i f t  rate  
Y 
- Platform ti lt  about Y axes 
$Y 
Velocity reference error "xr 
bX 
t 
- Accelerometer b i a s  error 
- time i n  hours . 
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In Marine Systems t h e  des ign  c o e f f i c i e n t  of damping i s  
t y p i c a l l y  between . 3  and . 7 ,  and s i n c e :  
K1 = 2 < W s  
Let = . 4  and K1 = .8Ws 
= 4 . 4 6  ( i n  hours  u n i t s )  . 
wS 
3 . 3  R E S I D U A L  ERRORS 
The damped i n e r t i a l  system w i l l . - f o r  s t e p  e r r o r s ,  be 
w e l l  damped ( t o  5 p e r c e n t )  i n  t h r e e  t ime c o n s t a n t s ,  i . e . ,  
= l  2/3 h r s .  assuming t h a t  no o t h e r  e r r o r s  are i n t r o d u c e d  t h e  
r e s i d u a l  e r r o r s  a r e  t h e  s t e a d y  s t a t e  and/or  ramp e r r o r s  a s s o c i a t e d  
w i t h  t h e  damped S I N S  and r e p r e s e n t  t h e  u l t i m a t e  l i m i t  of  accuracy 
f o r  a system of i n v a r i a n t  e r r o r  s o u r c e s  w i t h  no e x t e r n a l  a i d s ,  
i . e . ,  w i thou t  any f i x  in fo rma t ion .  
0 GYRO Bias n a u t .  m i .  o /h r .  . 0 6  (+ .177) ool 
0 P l a t f o r m  T i l t  1 n a u t .  m i . / m T n  
0 V e l o c i t y  Reference E r r o r  . 1 7 7  n a u t .  mi . /knot  
- 4  0 Accelerometer  Bias . 3  n a u t .  m i . / l O  g 
These v a l u e s  a r e  u s e f u l  i n  de te rmining  t h e  upper  bounds 
of t h e  e r r o r  magnitudes p e r m i s s i b l e  d u r i n g  t h e  t r a c k i n g  p e r i o d .  
For example, suppose t h e  miss ion  r e q u i r e s  1 0 0  meter  accuracy  
du r ing  a two-hour t r a c k i n g  p e r i o d  and g iven  t h a t  t h e  system 
i s  p e r f e c t l y  q u i e s c e n t  a t  the  i n i t i a t i o n  of t r a c k i n g ,  w e  can 
de te rmine  t h e  s i n g l e  sou rce  e r r o r  bounds a s  f o l l o w s :  
R e s u l t a n t  Pos i t i o n  
E r r o r  Af te r  Two Hours 
1 0 0  meters  
P e r m i s s i b l e  S i n g l e  E r r o r  
Source Magnitude 
GYRO D r i f t  of  .000385 O/hr. 
o r  
Ve loc i ty  Reference E r r o r  of . 2 8  KNOTS 
o r  
- 
Pla t fo rm tilt  of  3 s e c  
o r  
Accelerometer  Bias  of 1 . 6 7  x l o - '  g 
In  terms of e r r o r  sources  number two and three w e  a r e  
p r o s c r i b i n g  s t e p  changes i n  EM Log e r r o r  o r  d r i f t  c u r r e n t  of  
g r e a t e r  t han  . 3  k n o t s  f o r  t h e  former and d e f l e c t i o n  of t h e  
l o c a l  v e r t i c a l  s t e p  changes of more than  3 seconds of  a r c  f o r  
t h e  l a t t e r  du r ing  t h e  two-hour p e r i o d .  
on ly  one of two channe l s ,  t h e  a l lowab le  e r r o r  i s  even less 
t h a n  shown, however t h e  magnitudes g iven  a r e  good " b a l l  p a r k  
numbers" and s e r v e  t o  i l l u s t r a t e  t h a t  accord ing  t o  SINS 
s p e c i f i c a f i o n s  t h e  a b i l i t y  of  t h e  unaided SINS t o  ma in ta in  
1 0 0  meters accuracy over  a two-hour p e r i o d  i s  -at  b e s t  marg ina l .  
S ince  w e  have cons ide red  
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3 . 4  AIDED INERTIAL OPERATION (SKOR) 
The Sperry Kalman Optimal Rese t  (SKOR) program can be 
u t i l i z e d  during t h e  t r a c k i n g  p e r i o d  i n  t h e  STORE Mode t o  
compute t h e  b e s t  e s t i m a t e s  of system e r r o r s  o b t a i n e d  by 
performing a Kalman f i l t e r i n g  o p e r a t i o n  u t i l i z i n g  t h e  Marine 
S t a r  Tracker  (MST) measurements. 
The output  of t h e  SKOR program i s  p r i n t e d  o u t  a t  s i x  
minute i n t e r v a l s  and should  provide  a c o n s i d e r a b l e  improvement 
over  t h e  unaided i n e r t i a l  system. However. t h e  r e q u i r e d  u s w e  
0-f t h e  MST is  n o t  p o s s i b l e  i f  t h e r e  i s  much cloud cover ,  
i n  which case t h e  system accuracy r e v e r t s  back t o  t h a t  of t h e  
unaided SINS d i s c u s s e d  p r e v i o u s l y .  
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